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Abstract—Biomorphic structures for robotic manipulation
based on tendon-driven mechanisms have been considered in
robotic design for several decades, since they provide lightweight
end-effectors with high dynamics. Following this trend, many
new robot designs have being proposed based on tendon driven
systems. Quite noticeably, the most advanced ones include also
higher kinematic pairs and unilateral types of constraints.
In this paper, we present a general framework for modeling
the above class of mechanical systems for robotic manipulation.
Such systems, including biomorphically designed devices, consist
of articulated limbs with redundant tendinous actuation and
unilateral rolling constraints. Methods based on convex analysis
are applied to attack this broader class of mechanisms, and are
shown to provide a basis for the dynamic control of co-contraction
and internal forces that guarantee the correct operation of
the system, despite limited friction between contacting surfaces
or object fragility. An algorithm is described and tested that
integrates a computed torque law, and allows to control tendon
actuators to “optimally” comply with the prescribed constraints.

I. INTRODUCTION
Human hands are capable of many dextrous grasping and
manipulation tasks. Dexterity of movements is achieved in
part due to the biomechanics as well as the neuromuscular
control [1]. To be able to understand and analyze human level
of dexterity, and to achieve it with robotic hands, it is of
fundamental importance to correctly model the articular and
tendinous structure of the limbs. The extremely low friction
in articular joints, due to both the outstanding lubrication
properties of synovial fluid and the use of rolling pairs between
bone processes, as well as the remotization of actuators
made possible by tendon structures, represent the fundamental
advantages of biomorphic structures over conventional mechanical designs. Moreover, the redundancy of the tendinous
system offers the possibility of co-contracting the tendons so
as to optimally tune their stiffness, and configure the limbs for
different tasks (precision grasp, power grasp, etc.).
Motivated by these advantages, numerous new robot designs
are based on tendon driven systems with higher kinematic
pairs.
The first one is the Anatomically Correct Testbed (ACT)
Hand [2], [3]. Here, the nonlinear interactions between muscles excursions and joint movements are mimicked by humanmatching bone shapes, and by the properties of the tendon
hood connecting the actuators to the finger bones. A direct
muscle position controller and a force-optimized joint controller for joint angle tracking have been implemented for the
index finger motion. However, fingertip or contact-point force
controller for object interaction is still under investigation.
Another recent design worth of mention is the highly
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Fig. 1: Biomorphically designed tendinous system.

opment at DLR. It consists of a 19−DoF hand and a 7−DoF
flexible arm, where fingers are designed as endoskeletons with
bionic joints. In particular, the metacarpal joint is designed
as a hyperbolically-shaped saddle joint, whereas the interphalangeal finger joints are designed as unilateral hinge joints. In
case of overload, the safe dislocation of the bones is enabled
by the unilateral joints, and is carried by the elasticity of the
(tendon) drive train. Intrinsic safety and robustness represent
other advantages of this biomorphically inspired design [5],
[6].
General analyses of tendon driven mechanisms have been
attempted in most cases for systems where tendons are routed
through joints by means of pulleys, see e.g. [7]. More general
configurations composed by nets of tendons and actuators were
presented in [8], while dexterity measures under unilateral
constraint imposed by tendons were investigated in [9].
In another context, the motion control of a multi-DoF
tendon-driven manipulator by optimizing the tension distribution was investigated in [10]. The algorithm here proposed
allowed for a reduction of energy consumption by the actuators
while not hindering the tracking capability.
More complex tendon-actuated structures have been considered mainly in the biomechanical literature, see e.g. [11]
and [12], to mention only a few.
In this paper, we propose a unified approach to model
and control a wide variety of configurations that can be

encountered in biological systems or conceived for artificial
devices. For the widest generality, we model articulated limbs
with tendinous actuation and manipulated object/objects as
a collection of rigid bodies, interacting through generalized
virtual springs. The end points of the springs are allowed
to move over the object boundaries, thus simulating rolling
motions. Distinction between manipulator links and objects
to be manipulated is not intrinsic to the model, and can be
recovered in the final stage of the analysis. Since contacts
between any of the bodies with any of the others are allowed,
whole-limb manipulation is naturally investigated within this
framework.
A dynamic force distribution analysis in contacts and tendons is proposed, with generalizes the approach presented
in [13]. As a result, we propose a control law that allows the
manipulated object to track a specified motion while ensuring
the integrity of the system by application of proper tendon
tensions. The actual choice of the tendon actions on the system
is eventually made on the basis of an optimality criterion that
embodies the fulfilment of physical constraints (fragility of
the object, friction limits in the contact interfaces, allowable
tendon tension ranges, etc.). A numerical implementation of
the overall methodology is presented for a three-fingered
tendon-driven hand, with unilateral rolling constraints among
the limbs, manipulating an object. Each finger has one 2-DoF
saddle joint and two 1-DoF unilateral hinge joints, and was
inspired by the design of the new DLR hand-arm system.
Many issue related to real-world implementation of the above
strategies, like robustness to modeling errors and stochasticity, need still to be investigated and suggest future research
directions. However, promising simulation results show that
the proposed methodology could help in implementing more
easily biological strategies for the unified position and force
control of complex biomorphic structures.
II. SYSTEM DESCRIPTION
A. Preliminaries
For the widest generality, we model tendon-actuated robotic
structures as a collection of an arbitrary number n of rigid
bodies that may be connected one with any of the others, or
with the environment, through revolute or prismatic joints, and
unilateral rolling contacts. Bodies are numbered from 1 to n,
while the environment is assigned the index 0. A schematic
of such a structure is depicted in Fig. 1.
According to the usual practice, we consider a fixed (palm)
frame {P}, and we attach a barycentric frame {Bi } to the
i−th object in the system, (i = 1, . . . , n). We denote with
gP Bi ∈ SE(3) the posture of {Bi } with respect to {P }, and
we employ the Product of Exponentials (PoE) formula [14]
for its parametrization, i.e.
(∏
)
6
b
gP Bi (θi ) =
eξij θij gP Bi (0).
(1)
j=1

This choice is motivated by the recognized superiority of this
approach over conventional Denavit-Hartenberg parametrizations [15]. Here, the ξbij ’s form a basis for se(3), the Lie
algebra of rigid body motions, θi = [θi1 · · · θi6 ]T are the
exponential coordinates of the 2nd kind [16] for a local
representation of SE(3) for the i−th body, and gP Bi (0) is its
initial configuration. We cast the set of local parametrizations
for all the objects in the vector θ = [θ1T · · · θnT ]T .
For each pair (i, k) of connected bodies we define {Ci,k }
and {Ck,i } as the normalized Gauss frames with origin in

the common contact point, fixed to the i−th and k−th body,
respectively. The local frames are chosen so that the x− and
y−axes span the local tangent plane to the body surface,
and the z−axis is aligned with the outward normal. The
components of the common origin of frames {Ci,k } and {Ck,i }
are denoted as ci,k and ck,i , depending on whether they
expressed in {Bi } or {Bk }, respectively.
B. Actuation system
The actuation system modelled consists of q motors and r
tendons. Tendons have always one end fixed to one object,
while the other end may be connected to a motor or to
another object, therefore r ≥ q. Tendons may be routed
through idle pulleys or sheaths. With reference to Fig. 1,
we denote with pi,j the point on the i−th body where the
j−th tendon is fixed or is passed through. Actuators are
placed remotely on the environment, therefore the position
of the j−th tendon actuator is denoted by p0,j . Under the
assumption of a frictionless transmission system, the tendons
can be considered uniformly stressed, and the tensions can be
collected in a vector t = [t1 · · · tr ]T ∈ Rr . Denoting with
t Bi
Fij ∈ R6 the components in {Bi } of the wrench exerted on
the i−th object by the j−th tendon, it is possible to write
t

FijBi = TijBi tj ,

P
TijBi = Ad−T
gB P Tij ,
i

(2)

where Adg is the adjoint operator of the element g, and the
explicit expressions of TijP (given in the appendix) depend on
the tendon net topology. The effect on the i−th object of the
whole tendon net can be written in matrix form as follows
t

FiBi = TiBi t,

Bi
Bi
TiBi = [Ti1
· · · Tir
] ∈ R6×r .

(3)

Then, by stacking eq. (3) for all the objects, the overall effect
of the tendons on the articulated structure can be cast as
t

F B = T t,

T

T

T = [T1B1 · · · TnBn ]T ,

(4)

where t F B ∈ R6n , and T ∈ R6n×r .
To consider that not all the tendons are directly actuated, a
suitable selection matrix Γ ∈ Rq×r is introduced. This maps
tendon tensions t ∈ Rr to active forces τ ∈ Rq applied on
tendons by the q motors as follows
τ = Γt,

(5)

where Γij = 1 if the j−th tendon is directly connected to the
i−th motor, and Γij = 0 otherwise.
The model of tendon elasticity can be obtained by introducing the relative displacement δxt between the tendon ends.
This is due to both a change in the configuration of the bodies
and a displacement δq of the tendon ends imposed by the
motors. By duality arguments, it is easy to show that δxt has
the following form
δxt = T T J B δθ − ΓT δq,

(6)

where J B is a matrix obtained by properly combining the distal Jacobians of all the bodies, i.e. J B =
1
n
blkdiag(JPBB
, . . . , JPBB
). Accordingly, and assuming a lin1
n
ear elasticity model for each tendon, the vector of tensions can
be recovered as
t = Kt δxt + t̂,

(7)

where t̂ accounts for preload tensions in the reference configuration, and Kt = diag(k1 , . . . , kr ) ∈ Rr×r is the stiffness
matrix whose entries kt depend on the elastic characteristics
of the tendons.

C. Contact force model
To model the constraint reactions due to joints and/or
unilateral rolling contacts between connected bodies, a penalty
formulation is adopted. In this framework, elastic reaction
forces are generated in the directions not allowed by the
type of connection. Considering contact between the i−th and
k−th body, the components (in {Ck,i }) of the constrained
C
relative displacement of k with respect to i, i.e. δCikk,i =
C
C
T
Bi,k
(δCk k,i − δCi k,i ) can be expressed as
C

C

C

k,i
k,i
T
δCikk,i = Bi,k
(JP B
δθk − JP B
δθi ),
i
k

(8)

where Bi,k ∈ R6×c is a basis for the contact wrench, or,
T
equivalently, Bi,k
selects the relative displacement constrained
by the connection. As an example, c = 4 for a soft-finger (SF)
contact. Under the assumptions of a linear elastic characteristic, the contact force exerted by the k−th on the i−th body
can be expressed as follows
C
C
C
fkik,i = Ki,k δCikk,i + fˆkik,i ,

C

fkik,i ∈ Rc ,

(9)

where Ki,k ∈ R
encodes the characteristics of the contact
C
interface (virtual springs), and fˆkik,i models the preload contact force which can be present in the reference configuration.
Then, the components in the barycentric frame {Bi } of the
full wrench exerted by k on i, are easily obtained as

are here specialized for the case of contact between bodies i
and k:
][
[
] [
]
−1
Mk,i
(Kk,i + K̃i,k )P
ωxi,k
α̇k,i
,
−1
α̇i,k = Mi,k
Rψ (Kk,i + K̃i,k )P ωyi,k
(14)
[
]
α̇k,i
ψ̇i,k = [Tk,i Mk,i Ti,k Mi,k ] α̇
i,k

It is worth recalling that αk,i and αi,k are the Gaussian
coordinates of the contact point for the surfaces k and i,
respectively, while ψi,k is the angle that aligns xi,k onto
xk,i with a CCW rotation about the zk,i −axis. The main
assumption here is that we neglect the variation of the surface
metric, curvature and torsion forms, M , K and T due to
contact deformation, and we assume a rigid model for the
mating surfaces.
It can be useful to show that the components of the relative
rolling velocity can be easily computed as
[
]
ωxi,k
Ci,k )
(a) T ( Ck,i
= Bi,k JP B
θ̇ − JP B
θ̇ ,
(15)
i i
k k
ω
yi,k

c×c

c

C

Bi
Fki
= Gki fkik,i ,

Gki = Ad−T
gB C
i

k,i

Bi,k .

(10)

The resultant wrench on the i−th body due to contacts depends
on its connectivity with the other objects. By introducing the
list ν(i) as a mean to encode the connectivity of the i−th
body with all the others, and the shorthand notation Gi =
[Gki ]k∈ν(i) to represent proper juxtaposition in columns/rows
of matrices or vectors, we can write
c
C

C#,i

FiBi = Gi fi

,

(11)

C

where, fi #,i = [fkik,i ]k∈ν(i) , is comprised of all the contact
force components (each one in its contact frame) exerted on
body i by its connected neighbours.
Then, in order to avoid redundancy and reduce the dimensionality of the system, we count the contact force components
only once by introducing the global contact force vector
f ∈ Rs as follows
f=

n
∪

C#,i

fi

.

(12)

i=1

According to the above definition, the overall contact wrench
contribution c F B can be written as
c

F B = G f,

(a) T

(a)

T
where Bi,k is a basis for N (Bi,k
), or, equivalently, Bi,k
C
selects the components of the relative twist VBik,i
Bk that are not
constrained by the type of contact.

E. Overall system model
According to the definitions and notations introduced above,
the model of the system can be summarized by the following
set of matrix equations:
[ ]
f
F B = [G T ] t =: Ḡf¯,
(16)
F B = M (θ)θ̈ + C(θ, θ̇)θ̇ + N (θ)
τ = Γ t,
[ ]
[ ]
] δθ
[ T B
δθ
ˆ
ˆ¯
T
¯
¯
f = K̄ Ḡ J
−Γ̄
δq + f =: M δq + f,

M = blkdiag(M1 , . . . , Mn ),

where matrix G ∈ R
can be extracted by inspection or
by automatic search procedures from the set (obtained for
i = 1, ..., n) of eq. (11) and making use of eqs. (12) and (13).

[N1T

D. Dynamic evolution of the contact points
We assume that the contact points between connected bodies
move over their respective surfaces in response to a relative
twist, according to pure rolling (only ωx ̸= 0 and ωy ̸= 0) between rigid surfaces. The update law for the local coordinates
of the surfaces are based on Montana’s equations [17], which

(19)

beside eqs. (14) and (15) for each pair (i, k) of connected
bodies. Eq. (16) is the set of wrenches on the system objects,
eq. (17) describes the overall system dynamics, eq. (18) relates
the tendon tensions with the actuator forces, and eq. (19)
encodes the constitutive models for contact forces and tendon
tensions. In eq. (19), matrix Ḡ ∈ R6n×(s+r) is defined as
in (16), and Γ̄ = [0 Γ] ∈ Rq×(s+r) . The overall stiffness
matrix K̄ ∈ R(s+r)×(s+r) is defined as K̄ = blkdiag(Kc , Kt ),
where Kc can be elicited from (9) and Kt was defined in (7).
It is worth pointing out that matrices M , C and N are
formed by appropriately stacking the quantities obtained for
the individual objects

(13)

6n×s

(17)
(18)

N=

C = blkdiag(C1 , . . . , Cn ),
· · · NnT ]T

(20)

III. FORCE DISTRIBUTION
The force distribution problem consists in describing the
general solution of eq. (16), given the (to be applied) global
wrench F B . Under the technical condition (usually ensured by
a proper design) that R(Ḡ) = R6n , the actuator actions can
exert any prescribed wrench. In this case, the general solution
of eq. (16) can be written as the sum of (i) a particular solution,
and (ii) a homogeneous one.

A. Particular solution
By following arguments similar to those presented in [13],
given an equilibrium configuration θ̂ under a set of external
¯, the additional
loads F̂ B , with contact and tendon forces fˆ
forces δ f¯p to be applied if an additional load δF B is prescribed
(with δq = 0) are
B
δ f¯p = ḠR
K̄ δF ,

T
T −1
ḠR
K̄ = K̄ Ḡ (ḠK̄ Ḡ )

(21)

It is worth noting that, among the infinitely many right inverses
of Ḡ, only the K̄−weighted right inverse ḠR
is physically
K̄
motivated, since it returns the contact force distribution associated to the minimum elastic energy stored in the system [18].
Therefore, the particular solution has the general structure
f¯ = fˆ¯ + δ f¯p , with δ f¯p obtained in (21).
B. Homogeneous solution
The homogeneous solution of (16) represents connection
forces and tendon tensions that do not produce a net wrench
on the system. These forces and tensions are referred to as
internal, and their management is of fundamental importance
in grasp planning to avoid separation or slippage in unilateral
and rolling pairs. According to eq. (16), it is easy to show
that internal forces δ f¯h 1 must belong to N (Ḡ). However,
since contact forces and tendon tensions are related to the
system configuration δθ and the commanded (motor) inputs δq
through eq. (19), only those in R(M ) can be obtained. This
implies that the system configuration and the motor positions
must fulfil the following condition
[ ]
δθ
ḠM δq = 0.
(22)

IV. OPTIMIZATION OF TENDON TENSIONS
Assuming that the system is not preloaded, the results
presented in sec. III allow us to write the general solution
of (16) as follows
f¯ = ḠR F B + E y
(24)
K̄

where the free vector y parameterizes the active internal forces
and tensions, and plays a key role in fulfilling the system
constraints.
Following the approach of [19], the limit values of contact
constraints for the (i, j)−th connection can be profitably
written in the generalized form
σi,j,k = αi,j,k ∥fi,j ∥ + βi,j,k ∥mi,j ∥ + γi,j,k fzi,j + δi,j,k ≤ 0,
(25)
where the numerical values for various constraint types (k =
1, 2, 3) are reported in Table I, and where αi,j,3 = (1 +
µ2i,j )−1/2 and βi,j,3 = 1/µi,j . A similar, but simpler, form
can be conceived also to describe the bound constraints on
the h−th tendon tension
νh,l = ρh,l th + ηh,l ≤ 0,

where the numerical values for the two bounds (l = 1, 2) are
reported in Table II.
Let c Ωi,j,k and t Ωh,l represent the sets of the free
parameter y that, for a given global wrench F B , satisfies the constraints (25) and (26), respectively, with a
small positive margin κ. More precisely, let us define
c
Ωi,j,k := {y : σi,j,k < −κ} and t Ωh,l := {y : νh,l < −κ}.
The region where all the constraints are satisfied is given by
c
Ω ∩ t Ω, with
∩
∩
c
c
t
Ω=
Ωi,j,k , t Ω =
Ωh,l .
(27)
i,j,k

Let B ∈ R
be a matrix whose columns span N (ḠM ),
whose dimension is b. Then, the subspace of active internal
forces Fha is given by R(M B). If we introduce the basis
matrix E ∈ R(s+r)×e , obtained by using only the independent
columns of M B, i.e. E = colbasis(M B), it is possible to
give the following definition
(6n+q)×b

Fha = {δ f¯ha : δ f¯ha = Ey, y ∈ Re },

(23)

where y is a free parameter. Note that, among active internal
forces and tensions, it is also possible to further distinguish the
set of co-contraction tensions, as a subspace of Fha that do not
change the contact forces between links and the manipulated
object.
Moreover, is it possible to identify passive (preload) internal
forces as those that cannot be actively controlled by means of
motor displacements. In systems with tendinous structure and
rolling pairs, these can be used to model the effects of articular
ligaments.
For brevity, in the subsequent application of the methodology, both co-contraction tensions and passive internal forces
will not be characterized further, since we will assume that:
(i) no pre-loading is present in the system, and (ii) there is
no interest in distinguishing between link-to-link and link-toobject forces, but only to ensure the global integrity of the
structure in tracking a specified motion.
1 The

subscript h refers to the homogeneous nature of the solution.

(26)

h,l

In eq. (27), i = 1, ..., n, j ∈ ν(i), k = 1, ..., 3, h = 1, ..., r,
and l = 1, 2. For the (i, j)−th connection (k−th constraint)
consider the cost function
{
(2σi,j,k )−1
: y ∈ c Ωi,j,k
c
B
Vi,j,k (y, F ) =
2
aσi,j,k + bσi,j,k + c : y ∈
/ c Ωi,j,k
(28)
and for the h−th tendon (l−th constraint) consider the cost
function
{
(2νh,l )−1
: y ∈ t Ωh,l
t
Vi,j,k (y, F B ) =
(29)
2
aνh,l + bνh,l + c : y ∈
/ t Ωh,l
Then we form the overall cost function as
∑
∑
c
t
V (y, F B ) =
wi,j,k c Vi,j,k +
wh,l t Vh,l ,
i,j,k

(30)

h,l

where c wi,j,k and t wh,l are positive weights. By arguments
similar to those used in [19], here omitted for brevity, it can
be shown that for κ > 0, and with the choice a = 3/(2κ4 ),
Constraint type
Max. force module (k = 1)
Min. normal force (k = 2)
Friction cone (k = 3)

αi,j,k
1
0
αi,j,3

βi,j,k
0
0
βi,j,3

γi,j,k
0
−1
−1

TABLE I: Force constraint coefficients.

δi,j,k
max
−fi,j
fzmin
i,j
0

Constraint type
Max. tension (l = 1)
Min. tension (l = 2)

ρh,l
1
−1

ηh,l
−tmax
h
tmin
h

be specified. Let θor (t) ∈ R6 be the object reference trajectory
to be tracked. For a manipulating hand properly design to
accomplish the task, it is always possible to find the overall
system trajectory θr (t) ∈ R6n by integrating the differential
inverse kinematics

TABLE II: Tension constraint coefficients.

θ̇r (t) = B(t)θ̇or (t),
3

2

B

b = 4/κ , and c = 3/κ , the overall cost function V (y, F ) is
twice continuously differentiable and globally strictly convex
with respect to y ∈ Re . Therefore, standard techniques can be
employed to search the unique minimizer y ⋆ , where
⋆

B

y = argmin V (y, F ).

(31)

For instance, also the basic Newton-Raphson update law
ẏ(t) = −ζ

(∂y2 V )−1 ∂y V

B(t) ∈ R6n×6 ,

where B(t) is reminiscent of the notation employed in the
embedding technique for multibody dynamic simulations [23].
B. Proposed control law
In order to track the desired object trajectory a computed
torque control law is proposed for the global wrench:
F B = M (θ)(θ̈r − Kv ė − Kp e) + C(θ, θ̇)θ̇ + N (q).

(32)

with ζ > 0, provides a globally asymptotically convergent
algorithm. More advanced techniques, either based on line
search or trust-region strategies, can be devised which provide
better convergence performances, see, e.g. [20], for more
details. From the numerical optimization perspective, the proposed procedure is to be annoverated among the weighted
barrier algorithms [21], which have been proved to be more
efficient than standard SDP algorithms [22].
V. CONTROL
In this section, we consider the problem of controlling
the position and orientation of an object in E3 grasped
by a biomorphically inspired hand through the appropriate
application of tendon tensions. The following considerations
are in order: (i) tracking – we would like the object to
follow a specified trajectory in SE(3) asymptotically, and (ii)
mantaining integrity of the system – over the entire trajectory
we need to produce contact forces and tendon tensions which
comply with the constraint limits in the form (25) and (26).
It is worth observing that the analysis is here limited to
the determination of set-point values for the tendon tensions.
Potential hurdles with real-world implementation, like time
constants associated to the activation and coordination of the
tendons, are not considered here.
A. Overall reference trajectory
Since distinction between hand limbs and object to be
manipulated is not intrinsic to our model, we can recover it
in this final stage of the analysis when the object task has to

Fig. 2: Schematic of the three-phalanx/eight-tendon finger
with one 2−DoF hyperboloidic (saddle) joint and two 1−DoF
cylindrical rolling joints.

(33)

(34)

Then, at a generic instant ť, when F B = F̌ B , contact forces
and tendon tensions satisfying the constraints are found (if the
problem is feasible) as
[ ]
fˇ
B
⋆
ˇ
¯
f=
= ḠR
(35)
K̄ F̌ + E y ,
ť
where y ⋆ is found by integrating the differential law (32).
Hence, the necessary actuator forces are recovered as
τ̌ = Γť.

(36)

It is worth noting that the discrete time analog of eq. (32) is
straightforward to derive. The only warning to give, however,
is that global asymptotic convergence of the algorithm can be
proven only for ζ smaller that a limiting value, that allows
the convergence only to a finite neighborhood of the optimal
grasp.
VI. TEST CASE
A. Hand layout
A hand with three 4−DoF fingers manipulating a spherical
object is considered. Kinematically, each finger consists of
three limbs in rolling contact. In particular, the first one is
in contact with the environment (metacarpal bones, in the
human hand) through one 2−DoF hyperboloidic (saddle) joint,
while the first and the second one, as well as the second and
the third one, are in contact through two 1−DoF cylindrical
rolling joints, as shown in Fig. 2. It is worth observing that
the mating hyperboloids in the first joint are in point contact,
while the cylindrical surfaces of the rolling joints are in line
contact: however, both constraints are of unilateral nature and
require suitable tendon tensions in order to avoid dislocation
or slippage. Contact with the manipulandum happens through
a spherical fingerpad that is attached at the end of each finger.
Analytically, the contact is modeled as a soft-finger.
The actuation system of each finger is comprised of eight
tendons with numbering and routing depicted in Fig. 2. Tendons 1, 3 and 5, and 2, 4 and 6, control the movements of
flexion and extensions, respectively. Tendons 7 and 8 account
for adduction/abduction movements of the entire structure.
B. Simulation
In order to track a prescribed trajectory (33), and to ensure the integrity of the structure (expressed in the form of
inequalities (25) and (26)), the to be applied tendon tensions
are computed as in (35). The proposed control law, as well
as a simulator of the whole system, has been implemented in
MATLAB/Simulink, and has been used to produces movies
of the dynamic simulations for several reference trajectories.

(a)

t = 0.0 s

(b)

t = 1.0 s

(c)

t = 2.0 s

(d)

t = 2.75 s

Fig. 3: Four frames from a movie showing the 3-D manipulation of a spherical object by three fingers with spherical fingerpads;
overall simulation time t = 3 s.
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Fig. 4: Reference (blue, dashed) and actual trajectory (red,
continuous) of the object barycenter.

Some frames from a simulation movie are reported in Fig. 3.
Here, the desired trajectory of the object barycenter is an
ellipse in the vertical plane, with constant roll-pitch-yaw
angles. Fig. 4 shows the tracking performances for an overall
simulation time of 3 s.
For brevity, only the tension for the third finger are presented. In Fig. 5 the control tensions for tendons 1 and 3 are

depicted, while in Fig. 6 the values for tendons 2 and 4 to 8
are illustrated.
It is worth observing that the tensions in tendons 1 and
3 (flexion) are one order of magnitude higher than in the
corresponding antagonistic tendons 2 and 4 to 8 (extension
and adduction/abduction).
As clear from Fig. 5 and 6, all values comply with the
constraint t > tmin = 0.1N . Even if not explicitly presented
for conciseness, all values of the contact forces, both in the
unilateral joints and in the fingerpads/object contacts, fulfil the
constraints indicated in Table I.
VII. CONCLUSION AND FUTURE WORK
We presented a method for the dynamic analysis and
optimal control of the forces needed to balance a mechanical
structure, composed by an arbitrary combination of tendons
and rigid bodies in contact. The method is very general and
allows practically to model a broad variety of configurations,
as those encountered in biological systems.
A numerical example has been presented to show the
performances of the proposed algorithm in controlling the
tendon tensions of a robotic hand with biomorphic fingers
during the dynamic manipulation of an object.
Although we only considered tendons and contacts with
linear stiffness, the method could be modified to cope with
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Fig. 5: Tendon tensions for the third finger: tendon 1 and 3;
units [N].
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Fig. 6: Tendon tensions for the third finger: tendon 2, 4 – 8;
units [N].

variable stiffness characteristics of system components. These
would allow the simultaneous control of the trajectory and the
workspace stiffness of the manipulated object, while ensuring
the observance of the necessary constraints.
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APPENDIX
Each block TijP ∈ R6×1 can be evaluated by the following
rule:
• if the j−th tendon is neither connected to the i−th body,
nor it passes through a sheath fixed to it, TijP = 0 ∈ R6×1 ;
• if the j−th tendon is connected to the i−th link and
passes through a sheath fixed to the k−th link,
[
]
1
pk,j − pi,j
TijP =
;
(37)
∥pk,j − pi,j ∥ pi,j × pk,j
•

if the j−th tendon is connected to/passes through the
h−th link, passes through the i−th link, and is connected
to/passes through the k−th link,
[
]
1
ph,j + pk,j − 2pi,j
P
Tij =
∥ph,j + pk,j − 2pi,j ∥ pi,j × (ph,j + pk,j )
(38)
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