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Abstract—In this paper we consider the problem of optimal con-
trol (specifically, minimum-time steering) for systems with quan-
tized inputs. In particular, we propose a new approach to the solu-
tion of the optimal control problem for an important class of non-
linear systems, i.e. chained—form systems. By exploiting results on
the structure of the reachability set of these systems under quan-
tized control, the optimal solution is determined solving an inte-
ger linear programming problem. Our algorithm represents an
improvement with respect to classical approaches in terms of ex-
actness, as it does not resort to any a priori state-space discretiza-
tion. Although the computational complexity of the problem in
our formulation is still formally exponential, it lends itself to appli-
cation of Branch and Bound techniques, which substantially cuts
down computations in many cases, as it has been experimentally
observed.

|. INTRODUCTION

In this paper we consider the problem of optimally steering
discrete-time dynamic systems of the form

zt =g(u,z), r € R", u €U C R™ (1)

wherethe input set, U, is quantized, i.e. finite or with valueson
regular latticesin IR™.

While, discrete state space (X), discrete set of input sym-
bols (U) and discrete set of output symbols (Y') characterize an
automata, X, U, Y continuous are characteristic of a differen-
tiable discrete time control system. Quantized control systems
(QCYS) are characterized by a continuous state space X and by
U and Y that are discrete.

Often different physical phenomena and technological con-
straints give rise to QCS. Examples of QCS are given by prob-
lems such as the stability of an inverted pendulum on a cart
with a stepping motor or the rolling of an object with polyhe-
dral shape. Since al stepper motors have finite range and reso-
lution and control signals are computer generated, quantization
effects may result in practice from the use of digital actuators
or sensors (encoders).

Even when the input is available in continuous form, quan-
tizing the input can be a good alternative to approaches based
on the discretization of the whole state space such as, eg., in
dynamic programming.

In literature, quantization has been occasionally considered
as an approximation-induced disturbance to be rejected ([1],
[2]). On the other hand, quantization might also be introduced
on purpose to provide algorithmsto solve optimal control prob-
lems: a different opinion on quantization has been taken more
recently ([3], [4], [5], [6]). Quantization is a deterministic,
memoryless nonlinear phenomenon that may affect inherent
properties of the system in very specific ways. Furthermore, the
study of quantization can be performed directly. This approach
is particularly meaningful when quantization is rough, or when

it is introduced on purpose in order to reduce the technologi-
cal complexity of the control systems, as e.g. in mass-produced
embedded systems or in distributed control systems.

In this paper, we will argue that this is the case at least for
an important, albeit particular class of nonlinear systems, i.e.
nonholonomic systems in chained form ([7]). In particular, the
problem of optimal control for discrete-time chained-form sys-
tems in an unconstrained state space with quantized inputs has
been considered. Our approach to the steering problemis based
on the theory of quantized control systems, and exploits results
reported in [9] and with more details in [10] about the lattice
structure of the reachable set for this class of systems. In par-
ticular, conditions have been obtained under which the reach-
ability set is alattice, and for such lattice a complete descrip-
tion can be obtained by a finitely computable algorithm. The
algorithm described in [9] offers a polynomia time, computa-
tionally very effective steering method for the system based on
standard integer programming techniques.

To solve the optimal control steering problem, which turns
out to be an integer linear programming problem, tools from
graph theory are adopted. Although standard techniques cannot
be applied directly, we propose a solution algorithmto solvethe
optimal steering problem for quantized chained form systems,
which is shown to convergeto the optimum.

The paper is organized as follows. We begin by introduc-
ing some basic definitions and ideas that will be necessary in
the work. In Section (I1) some properties of discrete chained-
form systems related to reachability are explained. Generators
of reachable space are described in section 111 and in section
I11-C the algorithm to find optimal transitsis reported.

The optimal control problem is formulated in section 11,
whilein section V the solution agorithm is described.

Finally, obtained algorithm is applied to solve the steering
problem for an n-trailers system,.results are reported in section
VI.

Il. PROBLEM FORMULATION

We consider a particular class of nonlinear systems, specif-
icaly two-inputs driftless nonholonomic systems. A system
is said to be driftless if all configurations are equilibrium un-
der zero control. Upon coordinate changes and state feedback,
two-inputs driftless nonholonomic systems can be written in a
so—called chained—form. Such form has been introduced by [7]
asacanonica form for some continous-time, driftless nonholo-
nomic systems and can be described by the ordinary differential



equation
i;l = Ui,
T2 = U2,
T3 = X2U1, 2
.’f!n = Xp—_1U1.

In the automatic control literature, chained-form systems have
been widely used for modelling and controlling systems that
range from wheeled vehicles with an arbitrary number of trail-
ers, to satellites ([11], [12], [13], [14], [15], [16], [17]). While
many steering methods for chained form systems have been
provided in the literature, optimal control for these systemsis
still an open problem.

Consider the case where inputsto the system, rather than be-
ing allowed to change continuously in time, are bound to switch
among a finite set of different levels at given switching times,
which are multiples of a given time interval. Assuming such
sampling interval to be of unit length, a discrete time model of
chained-form systems can be easily obtained from (2) by inte-
gration as

Ty = x1+up,
Ty = @+ us,
+ 1
T3 T3 + Ta2u; + FU1UL, (3)
T = ot Y Y ut Py L
n n j= 1 n— 7]' 1 211"

We will assumethat inputsu = (u1, us) cantake valueswithin
a state-independent set of input symbols U, which is symmet-
ric (i.e, if u € U, thendsoa = —u € U). The sat Q
of admissible control words (i.e. strings of admissible input
symbols) is endowed with a composition law given by con-
catenation of strings. Because of the symmetry of U, every
edement w € Q hasaninverse w—! € Q, simply defined as
(ugtn - Up) "t = —Up -+ — uy — uy, +u; € U,Vi. Letus
denoteby A4 : 2 x X' — X the state transition map for system
(3), i.e. the map that associates to every initial state and every
admissible input word, the corresponding end point reached by
the state. In general one can write, Vw € Q2

Alw,z) =z + Aw) + A(w, z), 4
where, by some simple, if tedious, calculationsit can be shown
(seeLemma2 and Theorem 10in[10]) that, chosenw = v —w,
we have:

1) the mixedterm A(w, z) is zero;

2) the A(w) termiszero.

Hence, A(w ™!, A(w, x)) = z, i.e. system (3) isinvertible.

In the state manifold of chained-form systems (2, 3) itis cus-
tomary to distinguish a base subsystem, consisting of the first
two state variables (z1, z2), and a fiber susbsytem with coor-
dinates (z3,...,z,). Observe that the restriction of chained-
form systems to the base variables is linear, and indeed trivia
to control. On the other hand, the difficulty in controlling fiber
variables increases with the dimension of the state space. A
typical example of such situation is in parking maneuvers of
tractor-trailer systems, where base variables are associated with

the steering tractor, and fiber variables correspond to the con-
figurations of the trailers (see section V1).

Accordingly, the reachability problem for discrete-time
chained form systems can be decoupled in the analysis of reach-
ability of the base space, and of the fiber space IR" 2 associated
with areachable base point (Z1, T2). On the base space system
(3) hasthe simple form

T =z+u, ze R uel. (5

For such linear driftless systems, the analysis of the reachable
set has been characterized as follows ([9]):

Theorem1: A necessary condition for the reachable set from
theorigin Ry tobedensein R"™ isthat U containsn+ 1 controls
of whichn arelinearly independent. If wy,...,u, € U arelin-
early independent and there exist n irrational negative numbers
ag,...,an Uchthat v; = auu; € U foreveryi = 1,...,n
then Ry is dense. If there exists m < n vectors v; such that
Yu € U, there existsmintegersas, . . ., a,, suchthat u = a;v;,
then Ry isdiscrete. In particular, itis alattice.

Observe that the reachable set R, from a generic point z is
obtained by trandation of Ry. Therefore, if the control set U
is quantized, symmetric and rational (as it amost alwaysisin
cases of interest, and as we assume in the rest of this paper), the
reachable set isalattice.

Fixed a base point (Z,,7,), consider the subgroup Q! C
of control words that take the base variables back to their ini-
tial configuration. In particular, these are sequences of inputs
such that the sum of the first and the second components are
zero, so that the quantity A(w, =) and the first and the second
components of A(w) are zero, namely from Lemma 2 in [10]:

Vo € Qand Ve, A(@,z) = 0;
Ar(@) = 0;
Ay (@) = 0.

The effect of such subgroup on the fiber subsystem can be de-
scribed by

2t =

=z240v,2=(x3,24,-,2,) ER" 2 0eU (6)

where U = {Af(w),w € Q} and where A7 (w) denotes the
(n—2)-dimensional projection of A onthefiber space. Clearly,
U isitsalf symmetrlc indeed if w € Q thendso w™! € Q
and Af(w™!) = —Af(w). The action of the subgroup Q on
the fiber is additive (namely, A(&1, A(@2,)) = A(@r, ) +
A&y, ),V 09 € Q), and the structure of the reachable set
in the fiber is the same over every (reachable) base point.

For the set U of all control inputs that can be applied to the
fiber dynamics (6), corresponding to the set of input words Q
that drive base variables back to their initial values, the follow-
ing result holds ([9]):

Theorem 2: Let the control set U be quantized, symmetric
and rational. Then, al elements A/ (%) € U can be written as
integer combinations of a finite set of generatorsA{ , uniquely
determined from U . Each generator isarational vector in
Q" 2, corresponding to a control word @&; €  in the original
alphabet U.

As a conseguence, with referenceto system (5), we can con-
clude that if the controls set U is rational and quantized, the



reachability structure of a chained form discrete-time system is
completely described by a lattice in the state space (the carte-
sian product of the base and fiber lattices). Such lattice struc-
ture, which plays a central role in our approach in solving the
optimal steering problem, can be described completely by a
finite number of generators, whose evaluation can be done in
polynomial time with respect to the state space dimension and
the number of control symbolsin U ([10]). In next sectionsthe
computation of generatorsis described in details.

I1l. GENERATORS AND TRANSITS

In order to compute generators we need several definitions
and lemmas that can be found in detailsin [10] and are reported
here for reader convienence. First of al, let consider afunction
Y} defined on the set of input words 2 and that counts the num-
ber of symbol that appear in a word taking into account signs,
for each positive symbol in the control set U € Q". Since U
is symmetric its cardinality is even, for example 2¢, then the
function T takes valuein Z°¢. Furthermore, let Ny be an inte-
ger value matrix such that W Ny, = 0 and such that G.C.D. of
element of each columnis 1, for each column. Exampleson the
construction of matrix Ny will be shown in next sections.

Let ¢ be the number of positive symbol in U, the subgroup
can be described also through ¥ and Ny asfollow:

Q={weS(w) = (Nwa),a e (NU{0})?}
Furthermore, if we define
L= {w € QE(w) = £(Nw);,w of minimal lenght},

where (Nw); is the j-th column of Ny, we have that the set
C = {wiw™' we N, & e L} isaset of generators for ) but
it isnot finite.

Let A/ bethe projection of A on the fiber space, for al w €
Qand @ € L, we have Al (waw™') = G(w)A (@), where
G(w) = exp(—Jyo(w)) and Jy is the transpose of a Jordan
block associated with zero eigenvalue of dimensionn — 2.

Finally, consider u; € U C Q" (for each i) with u; j, = ‘;’—:
where p; , and ¢; ;. are integer and coprime for k = 1,...,n.
Let d; 1, p, g integer and p, ¢ coprime such that ;’—’: = dixt
Vi=1,.,candk = 1, ...,n. Hence, there exist some a; € Z
such that o (w) = 377 auuin = L300 audi. Let k(w)
be a map from the Q2 group to the Z space such that k(w) =
>y @idin, henceo(w) = Bk(w).

It is possible to conclude that chosen w; € Q such that
k(@@) =1, the set

B = {G (&) AT (@), ..., G(@n_3) AT (@), € L},

isfinite and generate the action of the group €2 on the fiber with
integer combinations[10].

In the following, words &; will be referred to astransits. On
atwo dimensional lattice, thetransit v and thewordw = vu —
v —u € L (figure 1, left) givethegeneratoruvu —v —u —u
represented in figure 1 (right).

Let Bpase = {bi € Q|A7(b;) € B}, then b;, called gener-
ators, can be written as b; = w;OW; ! for some transit &; and
we L.

Fig. 1. Left: representation of w = vu — v — u € €, it takes back the base
variables (form a cycle on the base lattice), right: an example of composition
of w with transit u, it isanon minimal cycle.

In following sections we introduce two examples for which
transits and generators computation is described: the car-like
system and the one-trailer system. For higher dimensional
cases, the computation of transit is not ssmple but can be ob-
tained as the result of an algorithm described in next sections.

A. Lattice generators for a car-like system
Consider first a car-like model:

& = vcos(h),
y = vsin(8),
0 =w,

wherev and w arethelinear and angular velocities respectively.
The chained form corresponding model is:

:1:1+ =T +u,
T3 = T2 + U,
1
mg = I3 + Tau1 + FULUZ,

wherexy, x5, 23 anduy, us aregiven by theinput transforma-
tionsin[11]:

{ oy — ta0(0), {

I3 =Y,

u; = v cos(f),

—_w
Uz = cos2(9)°

Variables z1, 25 are the base variables, and since we are inter-
ested in cycles on the base space, at the final timeT" we have:

{ z1(0) = x4 (T),
x2(0) = x2(T),

and then initial and final values of x and tan(é) are the same.
In the car-like case we choose the control input to be u =

( Zl ) € U = {*s, +r, £t}, where
2

()= (1) (1)

Hence, with s we denote astraight line motion, with r arotation
“on the spot” and with ¢t aturn. Let U be the matrix of the

control inputs:
1 01
U= ( 0 1 1 )



Fig. 2. Statevariables (x¢, y¢, 0¢, 6) for the one-trailer system.

It is sufficient (Lemma 4 in [10]) to consider control inputs of
minimal lenght and then given the control input w = s, r, —t, it
is sufficient to consider al words consisting in al possible per-
mutationsof s, r, —t and of —s, —r, t (for atotal of 12 control
inputs). No transits has been considered since in this case we
haven = 3 and then

B = {G(e)A (@)@ € L},

but G(&o) is the identity matrix. Transits appear then in cases
with n > 3 such asin next example in which a one-trailer sys-
tem is considered.

B. Lattice generatorsfor a one-trailer system
Consider aone-trailer system, represented by the model:

&y = vy cos(6),

y:t = V¢ sin(@t),

0; = ;—t sin(@ — 6,),
6 =w,

where (z;, y;) is the position of the trailer, 6, is the heading
angle of the trailer, v, = cos(f — 6;) is the tangential velocity
of thetrailer and d; is the distance from the wheels of the trailer
to the wheels of the car, (seefigre 2).

In chained form, the model becomes:

T =x1 + ul,
m;" =T + U2,
1
a:;r =3 + Touy + FULU,
2
u 19
Ti =4+ T3us 4 325+ Suduy,

where z1, x2, 3, 4 and uy, us are given by the input trans-
formationsin [11]:

ry = I,

_ tan(6:—6)
T2 =7 cos3(6¢)?
x3 = tan(6y),
Ta =Y,

{ uy = vcos(fy) cos(f — 6;),

uy = cosS(ot)wcosZ(e—et) + 7 cos(6;) cos(0 — 6;)v,
_ . .2 _
where r = tan(6:—0) COS(;:Z;&;?I@ISOt)SID (6:=0)

that 6, # +1.

, it is necessary

) € U = {&s, £r, £t}, where

(D)= (2 (1)

Inthis case, s denotes a straight line motion only when 8, = 6,
r still denotes a rotation “on the spot” and ¢ aturn.

Computing Ny, we have that also in this case there are 12
control inputs A/ (&) to be considered in the generators set, in
particular they are the same of the generators obtained in the
car-like example. In the one-trailer case, we have n = 4 and
then we have transits since

B={AN(@), Glen)AT (@), € L},

where &, is such that o(w;) = 1, for example w; = s. Con-
cluding there are other 12 generators (G(w1)A/ (@)) that com-
plete a set of 24 generators. The choicew; = s has been possi-
ble since the dimension of the problemis still small; when the
dimension growsiit is not easy to compute the tranists. In next
section we describe an algorithm to compute optimal transits.

C. Algorithmfor optimization on transits

In this section we are interested in optimizing transits that
will beused in an optimal control problem decribed in next sec-
tion. As shown above, transits occur when the steering problem
for a chained-form system has a configuration space of at least
dimension four. Inthis case it is necessary to take into account
cyclic generators with transit. With respect to cyclic genera-
tors (elements of ), transits cause a translation on the lattice
structure of cyclic generators (see figure 1).

The following algorithm guarantees the choice of transits at
lowest cost (in this formulation the problem is solved in min-
imal time but more general weights-problems can be solved
equivalently).

Suppose that: the G.C.D. between at least two first compo-
nents of symbolsin U is one. This condition is strictly related
to the existence of w; such that k(w,) = 1, and it is sufficient
to alow correctness of the following algorithm:

Stepi: forifrom1ton — 3

Solve .
min  Y(w)

s t. {k(“) = ¢

w € Q
where the function $(w) : © — IN counts the number of sym-
bols in the word w without taking into account signs. Let w; be
the optimal solution founded at step i.

Since the optimization problems (7) are linear and have infi-
nitedimension, they are V' P-complete. The N P-compl eteness
can be solved rewriting the problem 7 as follow:

min s
Fz = & €))

. t. a
S { z € N

where |U| = m and the matrix F € @"**" is composed of
the first component of each control input in U and the compo-
nent x; of the vector = counts how many times the control to



which F; belongsis considered in the solution. Such optimiza-
tion problems can be eadly solved by an integer optimization
commercial package such as CPLEX [18].

As we have explained at the beginning of this section, the
transits are employed to construct cyclic generators in relation
to the dimension of the configuration space but it is important
to underline that the choice of the transit w; is independent of
the construction of the increment matrix A/ (w) of the steering
problem. Indeed, in order to determine the control generators
we use only the fact that atransit verifies the condition k(w) =
i, for particular 7, without using an explicit word w, [9].

IV. STEERING ON LATTICES: THE OPTIMAL
CONTROL PROBLEM

Consider the system (3) with a quantized, rational and sym-
metric control set U. Let H € Q" 2*' denote the matrix
whose columnns are the [ generators contribution on the fiber
Al = A(@;),i = 1,---,1. Without loss of generality, up to
rescaling the fiber state space, we may take H to be an integer
matriX. The steering problem on the fiber, i.e. the problem of
finding a control sequence that takes the system (3) from an ini-
tial qstqrt t0 @adesired g ,q:, CONSists hence in solving a linear
system of the form:

Hz = (ngal - QStart)~ (9)
Integer solutions z € Z' of this equation exist if an only if the
initial and goal points differ by a vector belonging to the fiber
lattice, which we will assume henceforth (in other cases, inte-
ger truncations of areal solution = will provide approximated
steering to the goal, within a tolerance dictated by the lattice
mesh).

Any solution z = (z1,---,2;) € Z' of system (9) gives
a sequence of cyclic control inputs that includes x; instances
of the words w;. There are of course infinitely many possible
solutions z, each corresponding to a combinatoric number of
different possible sequences of control words @ ;.

Optimal steering strategies among solutions of (9) will be
considered introducing a cost p; associated to the control sym-
bol w; € U. The corresponding cost for a word w =
(u1,us2, -, un),u; € U isdefined as C(w) = ||Px||, where
x; stands for the number of appearances of the symbol «; inw
(with negative sign if —u; appears), and P = diag(p;).

A constrained minimization problem can be considered at
this point, i.e.

min, ||Pz]]
s t Hz = Lgoal — Lstart (10)
T zezZ™

leading to alinear integer program if aone-normis considered,
while using a two-norm would result in an integer quadratic
program. Efficient algorithms do exist for both these problems:
however, unfortunately, such formulation does not reflect the
reality of our optimal control problem.

Indeed, in combining control words by concatenation cancel-
lations of symbols may occur. To obtain the sum of two con-
trol actions A(@;), A(w;) onthefiber, corresponding to control

words@;, w; whosecostsare C; = C'(w;) and C; = C(@;), re-
spectively, the sum C; + C; isonly an upper bound to the actual
cost of the corresponding control. Indeed, cancellations of one
or more trailing symbols in w; with an equal number of sym-
bols leading in @; is possible. We will denote by C'(;, @;) the
actual cost of theword pair (&;, @;).

For example, if Wi = U1U2U3U4 and (:)j = —U4qU5 — U2 — U7,
one has (in a minimum time problem) C; = 4 and C; = 4.
However, the concatenation of ©; with @; leads, by cancel-
lations, to the control word wiususzus — us — wuy, SO that
C(@;,@j) = 6 < 8. Obviously, cancellations are crucial in
minimizing unnecessary maneuvers in the steering problem,
and motivate the following reformulation of the optimal con-
trol problem.

Consider an oriented graph Gy = (No, Ao) with aset Ny of
I + 2 nodes, | of which are associated with the contributions
A(w;) on the fiber given by generators b; = &;, and where a
start node S and a goal node F' are additionally considered. In
thearc set Ag of G, all arcs connecting the start and goal nodes
S, F' with al other nodes are included, i.e. (S,i) € Ag,i =

Lland (i, F) € Ag,i =1,...,1. Anarc (i, 7) isincluded
in Ay only if @; and @; are not the inverse of each other. In
particular, for every node # S, F', the arc (¢,¢) isincluded in
Ap.

To the arc (i,j) € Ao we associate the cost Cj; =
C(@i, @) —C(@;) > 0 of the control sequence (@;, @;) (so that
the cost of path (S, i), (i, j) onthegraphisC(wZ,@J)) taking
into account all possible cancellations. Notice that in general
¢ ;,; 1S not equal to CJ i (in the example above, for instance,
C” =6—4= 2wh|IeCJ i =4—4 = 0). Infigure 3 an exam-
pleof graphisrepresented. A refinement step is necessary to fi-

,,,,,,,,,,,,,, )
- ///\\\ -
// RN — ~ ps \T\

Fig. 3. Graph associated with generators of the fiber displacements.

nalize the graph construction for pairs (@;, &;) where the num-
ber of cancellationsislarger than the half-length of the shortest
of the two words. Indeed, in this case it may happen that the
cost of atriplet (@;,&;, @) is underestimated by Ci; + Cjy..
For example, if ©; = uv —wvu, & = —u — vuv and
O =—v —u —u,wehavew;o; = uvv (C'ZJ =3-5=-2)
and ;0 = —u —v —u (Cjp = 3—4 = —1) while the
triplet is wjwjwy = uv —u —u whosecostis4 —5 = —1
whereas on the graph the path (S, ), (4, j), (j, k) would cost
5 — 2 — 1 = 2. To avoid this problem, we removein the graph
the arc (4, j) corresponding to such pairs, and add a new node
associated to A(@;) + A(@;) with cost Cy;. These new nodes
are connected to al other nodes by arcs whose cost is evaluated



as usual, with the exception of arcs corresponding again to can-
cellations of more than the half-length of either words, which
are not considered in the new graph.

Onthegraph G, all possible combinations of the generating
control words @; are represented by connected paths from S to
F. The optimal control problem on the fiber space can hence
be formulated as follows:

Given the oriented graph G, determine the minimum-cost
path from S to F' with the constraint that the sum of all A;
of visited nodes equals the desired fiber displacement z o0 —
Zstart-

Thus, the optimal control problem can be regarded as a
minimum-cost path search on a graph, with a constraint on
the sum of “tokens’ collected at each visited node. Notice
that Gy contains cyclic arcs of type (i,4), alowing to collect
an arbitrary integer number of the corresponding token A(@ ;).
The search problemisan A" P-complete linear integer program-
ming problem ([19][20]), and differs substantially from stan-
dard shortest path searches on a graph because of the constraint
and of the presence of cycles (cyclic paths are obviously never
considered in unconstrained path searches). The following sec-
tion proposes a correct and complete algorithm to solve this
optimal control problem.

V. A SOLUTION ALGORITHM

The non-standard nature of the optimization problem de-
scribed above is such that even rather general solution tech-
niques, as e.g. branch and bound, and commercial software
toolsfor integer programming, cannot be used directly to solve
the problem. We propose a procedure for the solution of this
problem which basically consists of solving asequence of prob-
lems of increasing complexity.

Consider first that an upper limit U on the optimal control
cost can be easily obtained by evaluating the cost U, of any so-
lution of the integer linear system (9) —for instance, a solution
to problem (10), in the following will be referred to as starting
solution.

At the first stage of the proposed agorithm, a new graph
Gy = (Ny, Ay) is built by setting N; = Ny and by remov-
ing al cyclic arcs from Ay, namely A1 = Ag \ {(4,1), Vi}.
Let now formalize the optimization problem obtained with the
formulation given in previous section. Consider the incidence
matrix E € IR®*! associated with the graph G, : given an order
to the elements of set A; (cardinality ¢) and of set N; (cardi-
nality s), the element E;; = —1 if the i — th node is the first
node of arc j, E;; = 1 if the — th node is the second node of
arc j, E;; = 0 otherwise. Let z € IR" be the vector variables
taking valuesin {0, 1} and representing the ordered arcs of the
graph. Let ¢ € IR° suchthat g = —1,¢r = 1 and ¢; = 0 for
i # S, F. Findly, let CT € IR be the vector in wich the cost
of the arcs are reported, the optimization problem is then

min Cuz
Ex=q

s.t. Hz=d (11)
z € {0, 1}

where the set of costraints Hz = d (in the following will be
referred to as set of token constraints) represents the costraints

given in (9) where H € R™ 2*! and the column H; is asso-
ciated to the arc j = (i, k) and represent the “token” payed
at node k that is A(by,) (where by, is the generator associated
with node k). Thevector D represent the total displacement we
intend to achieve on the fiber.

A branch-and-boundalgorithmis applied to search minimum
cost, token-constrained paths on G;. Within such branch-and-
bound subprocedure, the token constraint is relaxed, hence a
number of classical minimum cost path search problems are
obtained (solvable by the Dijkstra algorithm [21]) in each of
which an arcisforced to be (z; = 1) or not (z; = 0) in the op-
timal solution. If the forced conditionz; = 1 or 2; = 0 brings
to a shortest path of cost larger that U then the relative branch
is cut and not further explored. Otherwise, another arc isforced
to be or not in the optimal solution. If al branch are cut then no
solution with cost less than U has been found. Otherwise, an
optimal solutionisfoundwith cost Uy < U. Thissolutionisthe
shortest path from node S to F' but in order to be an admissible
solution of problem (11) it has to verify the token constraint.
In this case the upper bound U on the optimal cost is updated,
U - U1 .

At the i + 1-th step of the algorithm, a graph G ;41 =
(Nit1, Ait1) ishuilt suchthat N;1 = N; + No \ {S, F'}, and
A;41 contains al connecting arcs between different nodes in
N;+1 (without cyclic arcs). In other words, each node j with a
cycle arcis splitted into two nodes (see figure 4) so that at step
i, path with ¢ cycles can be considered. A branch-and-bound
algorithm is used again to find the constrained minimum cost
U;11, and the upper bound is updated if U;; < U and if the
solution verifies the token constraint.

=~ Ci
20 ojo
CII

Fig. 4. Thenode with acycle arc is splitted into two nodes and two arcs.

A stopping condition for the procedure can be provided as
follows. A lower bound on the optimal control cost solution L
isinitially set equal to the cheapest cost Lo = C; of arcsof type
(S,4) inthe G, graph, since the cost of arc (i, F') is zero. At
each step, the lower bound isupdatedas L = L; 1 = L; + C.,
where C.. denotes the minimum cost of a closed cycle in the
graph G;. The value of C. is determined once and for all at
the beginning of the procedure, by solving a standard (uncon-
strained) minimum-cost path problemon G .

The overall procedureis stopped whenever L > U.

Theorem 3: The solution algorithm is correct and complete.

Proof: Because initia and goa configurations are as-
sumed to belong to the lattice, the optimum exists. Also, be-
cause the action on the fiber of the whole group  of control
inputsthat correspondto the desired final value of the base vari-
ables, is generated by the finite set of generators A(w;),i =
1,...,m, and this set is (implicitly, but completely) searched
by the branch-and-bound algorithm at successive stages of the
algorithm, the algorithmis correct. On the other hand, the two
sequences {L;};>0 and {U; }i>0 are strictly uniformly increas-



ing and non-increasing, respectively, and at any stage it holds
L; < U;. Hencethealgorithm stopsin afinite number of stages,
al of which consist of an implicit search on afinite graph, i.e.
of afinite number of operations. |

The proposed algorithm has exponentially increasing com-
plexity with the number of generators, as it uses a number of
instances of a branch and bound procedure: this is hardly a
surprise, as we are after all dealing with a nontrivial optimal
control problem. However, performance can be improved by
providing good initial estimates of the upper bound U,. Some
preprocessing of generators to facilitate the algorithm conver-
gencecan aso help, and work is currently ongoingin thisdirec-
tion. The next section will provide some numerical examples of
application of the proposed algorithm.

V1. APPLICATION TO n-TRAILER STEERING

As mentioned in the introduction, among the nonlinear sys-
tems which can be converted in chained form (2), wheeled ve-
hicles represent a particularly interesting class.

The kinematic model of atractor with n trailersis given by

& = cosb,v,

¥y = sinf,v,

0, = % sin(f,—1 — 6,)vn—1

éi = d% sin(@i,l — 02')’[)1;1 1= 1, R () (12)
91 dl_l SiH(GO — 01)1}0

90 W

where (z,y) is the absolute position of the center of the axle
between the two whedls of the rear-most trailer; 6; is the ori-
entation angle of trailer i with respect to the z-axis, with
i € {1,...,n}; by is the orientation angle of the tractor axle
with respect to the z-axis; d; is the distance from the center of
trailer 4 to the center of traileri — 1,7 € {2,...,n}; d; isthe
the distance from the wheels of trailer 1 to the wheels of the
tractor. The two inputs of the systems are vy and w, the tan-
gential velocity of the car and the angular vel ocity of the tractor
respectively. The tangential velocity of atrailer 4, v;, is given
by

v; = cos(B;—1 — 0;)vi_1 = H cos(f—1 — 0;)vy,
j=1

wherei € {1,...,n}. Incidentaly, this model is identical to
the model of afour-wheeled car pulling n — 1 trailers, provided
6o — 61 denotes the angle of the front wheels relative to the
orientation #; of the rear axle of the four-wheeled car.
Serdalen in [11] has shown, by a constructive method, that
system (12) can be converted in chained form. We consider
here the application of our proposed optimal quantized control
algorithm to the approximate determination of an optimal con-
tinuous control for system (12). Thisimplies introducing time
and control quantizations, and applying the computed solutions

as piece-wise constant inputs to system (12). The quantized
control set we consider is comprised of three inputs,

={=(3)=(3) = (1)}

corresponding respectively to straight motions, rotations about
the axle center, and arcs of a circumference by the tractor.

We report the results of optimization runsfor atractor with 1
and 2 trailers. Minimum time controls are determined in each
case, and a non-optimal trajectory is reported for comparison.

For the one-trailer problem, the graph G ¢ has 24 nodes, see
section (111-B). We have considered the problem with initial
and goal configurations given by

Tic = Tfec =

OO OO
- o o O

Car trajectory
35
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N} v
T T

=
5
T
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Finish
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Fig. 5. Non optimal trajectory for the one-trailer. The minimal time cost is 36.
For the two-trailers problem, the graph G has 36 nodes. We

have solved the problem with initial and goa configurations
given by

Tic = Tfe =

OO O oo
o O oo

1

These example show that the proposed solutionis applicableto
problemsin dimension up to 5. Larger dimensions of the state
space are computationally expensive at this stage, although we
expect that refinements on the choice of the generators could
lead to an increase of the tractable dimension by one or two.

VIlI. CONCLUSIONS

In this paper we have studied the optimal steering problem
for chained-form systems by quantized control inputs. The
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Finish

R i B

o
v
T

y component

o
T

Start : t

15— L I I I L I I [
-1 -0.5 0 0.5 1 15 2 25 3

X component

Fig. 7. Optimal trajectory for the one-trailer problem. The minimal time cost
is8.

reachable set for these systems class under quantized rational
inputs is a lattice and this structure can be used to solve the
optimal steering problem.

We have formalized the steering problem on lattices as an
integer linear programming problem that cannot be solved di-
rectly by standard integer programming techniques. Generators
of reachable space have been obtained. A complete and correct
solution algorithm has been proposed.

We have proposed to apply this optimal control on lattices
to solve the steering problem for continuos systems that can be
converted in chained form: in particular, discretizing the time,
we consider a quantized control, and solve the steering task on
the lattice. The optimal control strategy obtained is then ap-
plied to determine piecewise-constant sub-optimal controls in
continuostime. Applications give rather satisfactory results.
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Fig. 8. The trajectories of the base variables (dashed) and fiber variables
(continuos) for the optimal one-trailer solution
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