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Abstract

The form{closure and force{closure properties of robotic grasping are investigated. Loosely
speaking, these properties are related to the capability of the robot to inhibit motions of
the workpiece in spite of externally applied forces. In this paper, form{closure is con-
sidered as a purely geometric property of a set of unilateral (contact) constraints, such
as those applied on a workpiece by a mechanical �xture, while force{closure is related
with the capability of the particular robotic device being considered to apply forces through
contacts. The concepts of partial form{ and force{closure properties are introduced and
discussed, and an algorithm is proposed to obtain a synthetic geometric description of
partial form{closure constraints. While the literature abounds with form{closure tests,
proposed algorithms for testing force{closure are either approximate or computationally
expensive. This paper proves the equivalence of force{closure analysis with the study of
the equilibria of an ordinary di�erential equation, to which Lyapunov's direct method is
applied. This observation leads to an e�cient algorithm for assessing the force{closure
property of the grasp.
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1 Introduction

A number of recent papers dealing with the analysis of grasping mechanisms, especially
in robotics, underscore the fundamental role played by the so-called \form{closure" and
\force{closure" properties. These properties concern the capability of the grasp to com-
pletely or partially constrain the motions of the manipulated object, and to apply arbitrary
contact forces (and hence command arbitrary trajectories) on the object itself, without
violating friction constraints at the contacts.

Form{closure, originally investigated by Reuleaux [1875], is related with the ability of
constraining devices to prevent motions of the grasped object, relying only on unilateral,
frictionless contact constraints. An example of a form{closure grasp of a square object
by means of four contacts is depicted in �g.1{a. Contacts are represented with �xed pins
at the contact points, indicating that only motions of the object that cause penetration
of the pin in the object are prevented by that constraint. Reuleaux showed that at
least four contact points are necessary to achieve the form{closure property in the planar
case, and Somov [1900] found that at least seven are needed in the general spatial case.
Lakshminarayana [1978] reports about these results and gives new proofs in the spatial
case. The latter author also introduced the idea of partially restraining grasps, to take into
account the more general case of devices intended to allow only some degrees{of{freedom
to the object. An example of what will be later de�ned as a \partially form{closure" grasp
is reported in �g.1{b, where only translation in the horizontal direction is allowed to the
object by the four contact constraints. Ohwovoriole [1980] and Salisbury [1982] introduced
closure properties in the robotics literature and used screw theory for approaching the
problem. The analysis of form{closure is intrinsically geometric, in so far as it does not
consider the kinematics of the grasping mechanism (hand or �xture), nor the magnitude
of contact forces, and it lends to rather elegant treatments mostly derived from linear
and convex programming techniques. Many contributions to form{closure study have
been focused on the problem of grasp synthesis, i.e. given the object geometry, to place
contacts so as to prevent object motions. Baker et al. [1985], Mishra et al. [1986], Selig
and Rooney [1989], and Markensco� et al. [1990] successively discussed the possibility of
�nding form{closure grasps on di�erent surfaces, and showed that there is no such grasp on
�nite surfaces of revolution. With that exception, Mishra et al. [1986] provided an upper
bound to the number of contacts necessary to synthetize form{closure grasps on arbitrary
objects. The bound was later re�ned for a narrower but important class of objects,
including all polyhedra, by Markensco� et al. [1990], who showed that four contacts
are also su�cient for the form{closure grasp of any planar object in that class (seven
contacts are su�cient in the 3D case). Constructive procedures for placing contacts on
given objects to achieve form{closure have been proposed in a series of papers originated
by Nguyen [1986], and Markensco� and Papadimitriou [1989]. The analysis problem, i.e.
given an object and a set of contact locations, to decide whether the object has any degree-
of-freedom left (and which), has been comparatively less thoroughly investigated so far.
Qualitative (true/false) tests for form{closure have been proposed by Lakshminarayana
[1978], Salisbury [1982], Nguyen [1986], Mishra et al. [1986], and Hirai and Asada [1993].
On the other hand, Kirkpatrick et al. [1989] and Trinkle [1992] proposed quantitative
tests, i.e., provided a quality index for the grasp under examination. It should be noted
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Figure 1: Four examples introducing closure de�nitions

that e�cient form{closure tests can sometimes be derived, with minor adjustments, by
techniques proposed in the closely related �eld of optimal force distribution in multiple
chain robots (see e.g. [Cheng and Orin, 1990]).

After Lakshminarayana [1978] introduced it, the concept of partial form{closure has
found application in the �eld of workpart �xturing design, where Asada and By [1985]
proposed the related concepts of accessibility and detachability of workpieces. Brock
[1988] considered partially restrained grasps from the point of view of dexterous manipu-
lation. Trinkle [1992] uses the term \strong force{closure" to refer to what in this paper is
referred to as partial form{closure, and provides a quantitative test for it. In section 2 of
this paper we consider form{closure related de�nitions and algorithms, reviewing existing
results and providing a more complete geometric characterization of partially form{closure
grasps.
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In the second part of this paper, the force{closure property of robotic grasping is
considered. While there is a wide consensus in the literature on the de�nition of form{
closure, the concept of force{closure is somewhat less clearcut and universally accepted.
The intuitive meaning of force{closure implies that motions of the grasped object are
completely (or partially) restrained despite whatever external disturbance, by virtue of
suitably large contact forces that the constraining device (the end-e�ector) is actually
capable to exert on the object.

Perhaps, the distinction between form{ and force{closure that is most often made
in the literature is that frictional contact forces are considered in force{closure analysis,
while no friction is considered in form{closure. However, as already mentioned and as
shown later in more detail, the frictional nature of contacts is inessential for 2D grasps
and of limited relevance in general.

A more relevant characterization of force{closure grasping can be based on the fact
that, as opposite to the purely geometric nature of form{closure, force{closure (in the
intuitive meaning above) involves consideration of how contact forces can be applied on
the object, and, as a consequence, the kinematics of the end-e�ector should play a role
in force{closure. This is indeed the point of view being proposed in this paper. To
explain why the end-e�ector kinematic structure is relevant to force{closure, consider the
grasps depicted in �g.1{c and 1{d, where the same object is held by two di�erent end-
e�ectors through three identical contacts (friction cones are depicted by shaded sectors).
It is intuitively clear that, while the grasp in �g.1{c can resist arbitrary forces externally
applied on the object by suitably \squeezing" the object, the grasp in �g.1{d can not
oppose e.g. to forces pulling the object to the right in the horizontal direction, since no
\squeezing" is allowed by the end-e�ector. Similar cases may occur whenever the end-
e�ector has fewer degrees{of{freedom than necessary to arbitrarily control contact forces
(i.e., it is kinematically defective). Far from being a pathological case, kinematic de�ciency
is rather a normal condition in simple industry-oriented grippers, as well as in more
complex devices such as dextrous robot hands when used in \power grasp" con�guration.

The study of force{closure is of obvious importance in the choice of grasping mecha-
nisms, with particular regard to positioning the �ngers of a robotic hand on the grasped
object so as to guarantee robustness against slippage. The synthesis of force{closure
grasps has been considered by Nguyen [1986], [1988], who provided tools for constructing
robust force{closure robotic grasps on polyhedral objects. Robustness in spite of errors in
locating contacts was also a concern of Park and Starr [1992]; Ponce et al. [1993] extended
Nguyen's methods to grasp curved 2D objects. Methods for the analysis of force{closure
have been considered by Nguyen [1988] for 2-�nger grasps. Ferrari and Canny [1992] pro-
posed a quantitative test, suitable for planning optimal grasps, while Chen and Burdick
[1993] proposed a qualitative test for n-�nger grasps in 2D. These force{closure tests can
be regarded, from the point of view adopted in this paper, as form{closure tests applied on
suitably modi�ed grasp con�gurations. This approach cannot be generalized to 3D grasps
without introducing an approximation of friction cones by pyramids, as will be discussed
in section 3 of this paper. To our knowledge, the only exact force{closure test on n-�nger,
3D grasps has been described by Nakamura et al. [1989]. The method described therein
requires the solution of 12 constrained non-linear programming problems. In the litera-
ture on grasping and closure analysis, little attention seems to have been payed to the
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Figure 2: An object constrained by three contact points.

role of the end-e�ector structure and kinematics, with the notable exceptions of Trinkle
et al. [1987], Waldron et al. [1989], Pollard and Lozano-Perez [1990], and Hunt et al.,
[1991].

In section 3 of this paper we introduce a de�nition of force{closure that takes into
account the kinematics of the gripping device. Further, we show the equivalence between
the investigation of force{closure with the study of the equilibria of an ordinary di�erential
equation, the stability analysis of which can be studied by Lyapunov's direct method. This
originates a very e�cient algorithm for exactly assessing the force{closure property of a
robotic grasp. Further, a slight modi�cation of the algorithm leads to the de�nition of
a practical quality index for force{closure, that can be used for planning optimal grasps.
An example of this is discussed in section 4.

2 Form{Closure

Consider a rigid object O whose in�nitesimal motion in three-dimensional space is de-
scribed, in a �xed base frame, by the linear velocity v of a reference point �xed with the
object and by its angular velocity ! (see �g.2). We are interested in the properties of
sets of constraints on the velocities of points ci; i = 1; : : : ; n on the surface of O that
prevent the velocity of contact points to have components along a single direction (contact
constraints). These constraints can be expressed as

nTi _ci � 0; (1)

where ni 2 IR3 is the unit vector along the forbidden direction and pointing into the
surface at ci. Frictionless contacts are modeled if ni is chosen normal to the surface at ci.
The velocity (expressed in base frame) of ci can be written as

_ci = v + ! � ci; (2)
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Juxtaposing n such relationships we have in matrix notation

_c = GT _u; (3)

NT _c � 0 (4)

where _u = (vT ; !T )T 2 IR6, _c = (_cT1 ; : : : ; _c
T
n)

T 2 IR3n, G is the so-called grasp matrix

G =

 
I3 � � � I3

S(c1) � � � S(cn)

!
;

S(ci) is the cross-product matrix for ci, and N = diag (n1; : : : ;nn). Note that inequality
symbols when used for vectors are meant elementwise. Analogous de�nitions hold for the
planar case, that are omitted here. In the following, d indicates the dimension of the
object con�guration space, i.e. d = 6 in three-dimensional space, and d = 3 in the plane.

De�nition 1 A set of contact constraints is de�ned Form{Closure if, for all object mo-
tions _u 2 IRd, at least one contact constraint is violated.

Checking the form{closure property is usually regarded as a linear programming problem
of the standard form (

Maximize fTx
subject to NTGTx � 0

(5)

where f 2 IRd is an arbitrary constant vector. The existence of a feasible solution for any
of these problems is a necessary and su�cient condition for negating the form{closure
property of a set of contact constraints. Eq.(5) is sometimes given a physical interpreta-
tion, where f is a force/torque �eld (e.g., due to gravity) applied on the object, because of
which the object moves if a feasible solution exists such that the mechanical work devel-
oped, fTx, is positive. This interpretation can be used for determining the object motions
(see e.g. Trinkle [1992]). Considering the standard LP problem (5) also allows application
of e�cient algorithms such as the compact{dual method (see [Cheng and Orin, 1990]).
However, note that, strictly speaking, the concept of \force" is inessential to form{closure
and can be altogether avoided in its treatment.

The Reuleaux-Somov condition on the number of contacts necessary for form{closure
can be easily derived from the above formulation:

Proposition 1 (Reuleaux-Somov) . The minimum number of contacts necessary to
form-restrain an object in its con�guration space is d+ 1.

Proof: Since matrix NTGT has n rows and d columns, if n < d (or n = d and
rank (NTGT ) < d) there exists x 6= 0 lying in the nullspace of NTGT . If otherwise
n = d and NTGT is invertible, then a solution of NTGTx = � � 0 can be found as
x = (NTGT )�1�. In both cases a feasible solution of (5) exists, hence the necessary
condition for a form{closure grasp: n � d+ 1. 2

The condition derived from the above equivalent linear programming problem di�ers
from that proposed by Lakshminarayana [1978], who explicitly considers the case when
the constraint matrix GN is full row rank. In that hypothesis, the above formulation can
be reversed using the theorem of the separating hyperplane known from duality theory in
linear programming (see e.g. [Gale, 1960]):
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Contact Point Direction
1 [1 0 1] [0 0 -1]
2 [1 0 1] [0 1 0]
3 [1 0 1] [-1 0 0]
4 [0 1 0] [0 0 1]
5 [0 1 0] [0 -1 0]
6 [1 1 1] [-1 0 0]
7 [0 1 0.5] [1 0 0]

Figure 3: A cube constrained by seven contact points.

Proposition 2 (Lakshminarayana) . A set of contact constraints is form{closure if
and only if its constraint matrix GN is full row rank and there exists y 2 IRn, y > 0,
such that GNy = 0.

Numerical routines are generally available in mathematical software packages that pro-
vide simple and e�cient tests for either formulation of the problem (the search for a fea-
sible solution actually constitutes the preliminary step of well-known linear programming
algorithms such as the Simplex or Karmarkar's methods). Other equivalent formulations
of the form{closure test have been derived and used in the literature to obtain e�cient
algorithms. Geometrically reformulated, proposition 2 requires that the convex hull of the
columns of GN, CH(GN), contains a neighborhood of the origin ([Mishra et al., 1986]),
or, equivalently, that no plane through the origin and containing any two column vectors
of GN is a supporting hyperplane of CH(GN). The latter observation has been used by
Chen and Burdick [1993] to derive an e�cient test algorithm applicable to form{closure.

Example 1. As an example of application of the form{closure analysis, the problem
of constraining a cube by using seven contacts is often reported ([Lakshminarayana, 1978];
[Nguyen, 1988]). With reference to �g.3, the constraint matrix GN is built as

GN =

2
666666664

0 0 �1 0 0 �1 1
0 1 0 0 �1 0 0
�1 0 0 1 0 0 0
0 �1 0 1 0 0 0
1 0 �1 0 0 �1 0:5
0 1 0 0 0 1 �1

3
777777775

Since the constraint matrix is full row rank, form{closure can be easily veri�ed using
proposition 2 (e.g., GNx = 0 for x =

h
1 1 1 1 1 1 2

i
).
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In many cases, even though form{closure may not be veri�ed, contact constraints
partially restrain the motions of the object. Actually, these cases are most relevant to
workpiece �xturing and dextrous manipulation.

In fact, the existence of feasible motions for the workpiece in the vicinities of the
designated �xturing con�guration is a necessary condition for the existence of a path
to bring the workpiece in the �xturing position, or to remove it after machining. To
characterize this problem, Asada and By [1985] introduced the property of accessibility
and detachability. In its basic form this property is equivalent to the negation of form{
closure, but it has a \strong" form that requires that the object can be placed or removed
from the grasp by moving in a nearby region where none of the contacts remain active.
The analysis of these properties, and the subsequent phase of planning workpiece motions
in the working cell, clearly require a geometric characterization of the set of motions
allowed by constraints.

Furthermore, in many �ne manipulation operations, human hands constrain in turn
only some motions of the object while setting others free to slip, thus increasing the dex-
terity of manipulation. It can be expected that this type of manipulation could provide
better dexterity and e�ciency than techniques based on �nger \gaiting" through succes-
sive statically stable con�gurations, such as those described by Tournassoud et al. [1987].
Fearing [1986], Brost [1988], Brock [1988], Cole et al. [1992], and Chen and Burdick [1993]
have successively considered this problem. However, the synthesis of sets of contact lo-
cations for selectively preventing and allowing slippage motions of grasped objects seems
far from being satisfactorily achieved.

In the following, it is our purpose to contribute to the partial form{closure analysis
problem, by studying the subsets of object motions that are prevented and allowed, re-
spectively, by a given set of contacts. Accordingly, we introduce the concept of partial
form{closure:

De�nition 2 A set of contact constraints is de�ned partially form{closure with respect
to a subset U � IRd if, for all object motions _u 2 U , at least one contact constraint is
violated.

The constrained subset Uc is de�ned as the smallest set that contains every form-restrained
subset of object motions. Correspondingly, let Uf = fu 2 IRdjNTGTu � 0g (Uf �
IRd n Uc) denote the free subset of object motions.

De�nition 3 (Asada and By, 1985) A set of contact constraints is de�ned accessible
and detachable (A.D.) if Uf 6= ;; strongly so (S.A.D.) if the interior of Uf is not void.

In general, linear subspaces of IRd may be embedded both in Uc and Uf . The existence
and maximal dimension of linear subspaces embedded in the free subset can be easily
tested according to the following

Proposition 3 The largest subspace �Uf � IRd embedded in Uf is the nullspace of NTGT .

Consider uo 2 �Uf , by de�nition of Uf it holds NTGTuo � 0. Since �Uf is a subspace, it
must also hold �NTGTuo � 0. These inequalities together imply NTGTuo = 0. 2
The Reuleaux-Somov condition 1 can be easily generalized to partial form{closure with
respect to subspaces in Uc:
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Proposition 4 The minimum number of contacts necessary to partially form-restrain an
object with respect to an m-dimensional subspace is m + 1.

Proof: Consider a constrained subspace U � Uc, and let the columns of the matrix
U form a basis of U . Then, any _u 2 U can be written as _u = Ux; x 2 IRm, and
the above introduced equivalent linear programming problem can be modi�ed for partial
form{closure simply as (

Maximize fTx
subject to NTGTUx � 0

(6)

The rest of the proof follows that of proposition 1. 2
Next, the geometric structure of the free and constrained subsets of object motions in

a grasp are investigated.

Proposition 5 The free and constrained subsets of object motions are cones in IRd; the
free subset Uf is a convex polyhedral cone.

Proof: From de�nition 2, it can be easily veri�ed that x 2 Uc implies �x 2 Uc for
all � > 0, hence Uc is a cone. Also, by its construction, the free subset is the inter-
section of the closed halfspaces de�ned by contact constraints: Uf =

T
i=1;n Si, Si =n

x 2 IRdjnTi GTx � 0
o
, hence it is a polyhedral convex cone. 2

Because they belong to a convex polyhedral cone, all free object motions can be
described as a positive linear combination of a �nite number of basis vectors. In the ter-
minology of polyhedral convex cones, this change of description is termed conversion from
face form to span form ([Goldman and Tucker, 1956], [Hirai and Asada, 1993]). Related
algorithms are derived from linear programming techniques. An algorithmic description
of a convex basis of Uf , CB(Uf), i.e. of a set with minimal cardinality composed of vectors
that positively span the free subset, is provided in the following.

Algorithm 1 (Basis of the Free Motion Cone) . Consider the nullspace Wi of the
i� th contact constraint vector nTi G. Suppose at �rst that the constraint matrix GN is
full rank, hence the number of constraints n is greater or equal to d. Form all possible
intersections of the n constraint nullspaces d�1 at a time: these operations will provide at

least s0 =

 
n

d� 1

!
vectors wj, j = 1; : : : ; s 1. Operate on this set of vectors as follows:

ifNTGTwj � 0, leave wj unchanged; ifN
TGTwj � 0, change sign to every component of

wj; if neither condition applies, discard wj. Finally, discard any vector in the set resulting
from these operations that can be obtained as a convex combination of other vectors in
the set (i.e., take the vertices of the convex hull of the set). The resulting set of vectors
form CB(Uf ) (this follows from the fact that Uf is a strictly convex polyhedral cone, and
the wj's lie at its edges). The algorithm above is illustrated in Example 2.
If the rank of GN is d� h, d� 1 > h > 0, then the h-dimensional nullspace W of NTGT

belongs to Uf . The boundary of the (not strictly) convex polyhedral cone Uf is formed
by W and by (h + 1)-dimensional half-hyperplanes all of which intersect in W . Form all
possible intersections of the n constraint nullspaces Wi d�h�1 at a time, thus obtaining
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Figure 4: Example 2.

at least (h+1)

 
n

d� h� 1

!
vectors spanning the supporting hyperplanes 2 . Note that

each intersection results in at least h + 1 vectors that can be linearly combined so as to
have a basis of W in the �rst h vectors followed by vectors wj 62 W . Operate on the
latter vectors wj; j > h as described above, i.e., if NTGTwj � 0, leave wj unchanged; if
NTGTwj � 0, change sign to every component of wj; if neither condition applies, discard
wj; hence take the vertices of the convex hull of the resulting set. Let wk, k = 1; : : : ; h
denote any set of basis vectors for W : the set of wk's and �wk's is a convex basis for W .
Finally, a convex basis for Uf is obtained as the union of the vertices of the convex hull
of the wj's with the convex basis for W (see Example 3).

The above algorithm can be applied also to the limit case h = d�1, provided that the
intersection vectors are replaced by the constraints, wT

h+j = nTj G (see Example 4). (end
of algorithm 1)

Based on the the fact that CB(Uf ) has minimal cardinality, we have the following

Proposition 6 A set of contact constraints is strongly accessible and detachable only if
the cardinality of CB(Uf) is greater or equal to d. Ditto if and only if the subspace spanned
by vectors in CB(Uf ) has dimension d.

Example 2. Consider the planar grasp of the object depicted in �g.4{a. Contacts are
placed at points c1 = [�10]T ; c2 = [�p2=2 �p2=2]T ; c3 = [0 �1]T ; c4 = [10]T , and the
associated directions are n1 = [1 0]T ; c2 = [1 0]T ; c3 = [0 1]T ; c4 = [�1 0]T . Accordingly,
the matrix GN is

GN =

2
64
1 1 0 �1
0 0 1 0

0
p
2=2 0 0

3
75 ;

and is full row rank. The nullspaces of the individual contact constraints are

W1 = span

2
64 0 0
1 0
0 1

3
75 ;W2 = span

2
64
0 �1
1 0

0
p
2

3
75 ;W3 = span

2
64 1 0
0 0
0 1

3
75 ;W4 = span

2
64 0 0
1 0
0 1

3
75 :
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The intersections of these subspaces taken (d�1 = 3�1 =) 2 at a time have basis vectors
wj given by

W1 \W2 = span w1; w1 = [0 1 0]T ;
W1 \W3 = span w2; w2 = [0 0 1]T ;

W2 \W3 = span w3; w3 = [�1 0p2]T ;
W1 \W4 = span [w4 w5];w4 = [0 1 0]T ;w5 = [0 0 1]T ;

W2 \W4 = span w6; w6 = [0 1 0]T ;
W3 \W4 = span w7; w7 = [0 0 1]T :

Condition NTGTwj � 0 fails only for w3, and, since also NTGTw3 � 0 fails, w3

must be discarded. Therefore, CB(Uf) for this example is given by the vertices of
CH(fw1;w2;w4;w5;w6;w7g), i.e. CB(Uf) = fw1;w2g (see �g.4{b). The object is
accessible and detachable by means of motions in the �rst quadrant of the y; # plane.
However, since Uf has no interior points, the grasp is not S.A.D..

If the contact point c4 is removed, the fourth column of GN is deleted, and basis
vectors for the two-by-two intersections of nullspaces are w1;w2, and w3. Since in this
case NTGTw3 � 0, the sign of w3 is reversed. A convex basis of Uf in this case is given
by CB(Uf ) = fw1;w2;w3g (see �g.4{c), and the grasp is S.A.D.

Example 3. For the example in �g.5{a, contacts are placed in c1 = [�1 0]T ; c2 =
[�1=2 � p

3=2]T ; c3 = [1=2 � p
3=2]T , and the associated directions are n1 = [1 0]T ;

n2 = [1=2
p
3=2]T ; n3 = [�1=2p3=2]T . The grasp constraint matrix is

GN =

2
64
1 1=2 �1=2
0
p
3=2

p
3=2

0 0 0

3
75 ;

and possesses a 1{dimensional nullspace W = span [0 0 1]T . The nullspaces of the indi-
vidual contact constraints are

W1 = span

2
64 0 0
0 1
1 0

3
75 ;W2 = span

2
64 0

p
3

0 �1
1 0

3
75 ;W3 = span

2
64 0

p
3

0 1
1 0

3
75 :

The intersections of these subspaces should be taken (d� h � 1 = 3� 2 =) 1 at a time,
therefore the wj's coincide with the basis vectors of Wi. A basis of W already appears on
the �rst columns of such bases; let w1 = [0 0 1]T ; w2 = [0 1 0]T ; w3 = [

p
3 � 1 0]T ; w4 =

[
p
3 1 0]T : Vector w3 fails condition N

TGTwj � 0 as well as NTGTw3 � 0, hence w3 is
discarded. Since the vertices of CH(fw2;w4g) are simply fw2;w4g, a convex basis of Uf

is given by CB(Uf ) = fw1;�w1;w2;w4g (see �g.5{b). By application of proposition 6,
the grasp is S.A.D.

Example 4. To illustrate a limit case in the application of algorithm 1, consider the
example depicted in �g.6{a, where two contacts are applied at the same point c1 = c2 =
[�1 0]T , that inhibit motions along the direction n1 = n2 = [1 0]T , and a third contact is
placed in c3 = [1 0]T with n3 = [�1 0]T . In this case the grasp constraint matrix is

GN =

2
64
1 1 �1
0 0 0
0 0 0

3
75 ;
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Figure 5: Example 3.

Figure 6: Example 4.

and there is a 2-dimensional nullspace W = span [w1;w2], w1 = [0 1 0]T , w2 = [0 0 1]T .
Since in this example d�h�1 = 0, we take w3 = GTn1 = [100]T , w4 = GTn2 = [100]T ,
w5 = GTn3 = [�1 0 0]T . This vectors are all discarded through the test NTGTwj � 0,
hence we have CB(Uf ) = fw1;w2;�w1;�w2g (see �g.6{b) and, by proposition 6, the set
of constraints is A.D. but not S.A.D..

If the contact in c3 is removed, and the third column of GN deleted, vectors w3 and
w4 pass the test NTGTwj � 0. The only vertex of CH(fw3;w4g) is w3. Therefore,
CB(Uf ) = fw1;w2;�w1;�w2;w3g (see �g.6{c), and the grasp is S.A.D..

Example 5. If the seventh contact is removed from the set of constraints on the cube
of �g.2, it is expected from Reuleaux's condition (1) that the maximal form-restrained
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set is at most 5-dimensional. The constraint matrix is given by

GN =

2
666666664

0 0 �1 0 0 �1
0 1 0 0 �1 0
�1 0 0 1 0 0
0 �1 0 1 0 0
1 0 �1 0 0 �1
0 1 0 0 0 1

3
777777775
;

and is still full rank. Intersecting the individual constraint nullspaces, we obtain

w1 =

2
666666664

1
0
�1
1
�1
1

3
777777775
; w2 =

2
666666664

�1
�1
1
�1
1
0

3
777777775
; w3 =

2
666666664

�1
0
1
0
1
0

3
777777775
; w4 =

2
666666664

�2
0
1
�1
1
�1

3
777777775
; w5 =

2
666666664

�1
0
1
�1
1
0

3
777777775
; w6 =

2
666666664

�1
0
0
0
1
0

3
777777775
:

Condition NTGTwj � 0 holds for all j = 1; : : : ; 6 in this case. Moreover, all wj's
are linearly independent, therefore they form a minimal convex basis for the cone Uf ,
CB(Uf ) = fw1;w2;w3;w4;w5;w6g. Since dim span [CB(Uf )] = 6, the set of constraints
is S.A.D..

3 Force{Closure

The analysis of force{closure di�ers from that of form{closure because it takes into account
the capability of the grasping mechanism to actively control some of the contact forces.
The force and moment balance equations for an object subject to an external force f and
momentm, while grasped by a robotic mechanism by means of n contact forces pi applied
at ci, can be written in matrix notation as

w = Gp; (7)

where w = (fT ;mT )T is the so-called external wrench, and p = (pT1 ; : : : ;p
T
n )

T . The
relationship between contact forces and the torques at the m joints of the robotic hand
can be written as

� = JTp;

where J is equivalent to the jacobian matrix for conventional manipulators. A general
solution of (7) can be written in the hypothesis that w is resistible (i.e., that rank G =
rank [G w]) as

p = GRw +Ax; (8)

i.e., the sum of a particular solution of (7) (GR is a right-inverse ofG), and a homogeneous
solution. A is a matrix whose column form a basis of the nullspace of G. The coe�cient
vector x 2 IRh0 parametrizes the homogeneous solution. Internal contact forces ph =
Ax have no direct e�ect on the external wrench w, but play an important role in the
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robustness of the equilibrium with respect to slippage induced by external disturbances, by
allowing to \squeeze" the object in the grasp. However, as pointed out in the introduction
by examples in �g.1{c, d, not always is it possible to apply arbitrary internal forces. It
has been shown by the author [1993] that the subspace of homogeneous solutions of (7)
can be subdivided in a subspace of active (controllable) internal forces and passive (non-
controllable, or preload) internal forces. The latter are contact forces that cannot be
inuenced by joint torques, but may be present due to initial preloading of the grasp (as
e.g. in a vise-like mechanical �xture) or to wedging e�ects. Let E be a matrix whose
columns form a basis for the subspace of controllable internal forces, and assume, with
no loss of generality, that preload forces are zero. The general solution to (7) can be
rewritten as

p = GRw +Ey; (9)

where y 2 IRh, and h � h0. The controllability of internal forces for general grasping
mechanisms has been considered by the author [1993], where a \virtual{spring" elastic
model is assumed for contact forces that is embodied in a grasp sti�ness matrix K. It
can be shown by both a dynamic and a quasi{static analysis that the subspace of internal
forces controllable at equilibrium Fhc can be expressed in terms of the nullspace of the
grasp matrix N (G) and of the range spaces of KJ and KGT as

Fhc = N (G) \
�
R(KJ) +R(KGT )

�
: (10)

Algorithms for evaluating a basis of Fhc and building matrix E are discussed in the above
reference.

In force{closure analysis one generally has to deal with frictional contacts. In gen-
eral, contacts of the contact-point-with-friction, soft-�nger, or very-soft-�nger (complete-
constraint) type ([Cutkosky, 1985]) can be assumed to be in e�ect. Accordingly, friction
forces and torques will be subject to limitations due to Coulomb's law of friction or to
its generalizations ([Goyal, 1989], [Howe, et al. 1988]) . However, in this paper we will
only consider contacts of the �rst type, since the generalization poses no di�culties. For
point-contact-with-friction, the constraint is described by Coulomb's inequality,

�i;f(pi) = �ikpik � pTi ni < 0; (11)

representing a cone in the space of contact forces pi. A friction constraint is said to be
\marginal" when pi lies on the boundary of the friction cone, i.e. when �i;f (pi) = 0. By
partitioning (9) as 2

664
p1
...
pn

3
775 =

2
664
P1
...
Pn

3
775w +

2
664
M1
...

Mn

3
775y;

we have
pi(w;y) = Pi w +Mi y: (12)

Substituting (12) in (11), we obtain the expression of friction constraints �i;f (w;y) < 0.
If the term \grasp" is used to identify a grasping mechanism, a set of contact points and
a set of friction constraints, we introduce the following

14



De�nition 4 A grasp is de�ned Force{Closure if, for any external wrench w acting on
the object, there exists a vector y such that all friction constraints are ful�lled.

This de�nition can be generalized to partially restraining sets of constraints:

De�nition 5 A grasp is partially force{closure with respect to wrenches in a subspace
W � IRd if, for any w 2 W acting on the object, there exist a vector y such that all
friction constraints are ful�lled.

In the analysis of force{closure, it is useful to consider the so-called prehensility of the
grasp [Murray and Sastry, 1990].

De�nition 6 A grasp is said to be prehensile if a vector y exists such that �i;f (0;y) <
0; 8i.
In other words, prehensility expresses the fact that controllable, purely internal forces
exist that comply with the friction constraints. For a grasp with grasp matrix G, we can
now prove the following

Proposition 7 A grasp is partially force{closure with respect to W = range (G) if and
only if it is prehensile.

Proof: The \only if" part is trivial. Assume that, for w = 0 and y = �y, the i-th friction
constraint evaluates to

�i;f (0; �y) = �ikMi�yk � �yTMT
i ni = ��i < 0:

For an arbitrary w 2 W , de�ne k = maxi
�ikPiwk

�i
, and set the internal forces to p = kE�y.

It can be easily veri�ed that �i;f(w; k�y) < 0, which proves the \if" part. 2

Corollary 1 If a grasp is prehensile and G is full row rank, the grasp is force{closure.

Checking wheter a given grasp is prehensile is an important issue in both planning
and control of grasping and manipulation operations. It is important to note that, for
2D grasps with non-defective end-e�ectors (i.e., h = h0), a force{closure problem can be
reformulated in terms of form{closure, for which e�cient linear programming techniques
are available. In fact, it is su�cient to replace each 2D frictional contact with two fric-
tionless constraints, applied at the same point, preventing motions along the edges of the
friction sector (see �g.7). In this sense, checking prehensility (and hence force{closure) in
the plane is equivalent to checking form{closure for a suitably modi�ed set of constraints.
Examples of force{closure tests derived from this observation are those reported by Ferrari
and Canny [1992] and Chen and Burdick [1993].

This approach cannot be used if internal forces are not all controllable, neither it can be
extended to 3D grasps, since no �nite set of edge vectors can positively span a 3D friction
cone. A possible approximate technique for non-defective, 3D grasps consists in replacing
friction cones with pyramids (see e.g. Kerr and Roth, [1986]). The method however
trades accuracy for complexity, and a very large number of constraints in the equivalent
form{closure model must be expected for reasonable approximations of general n-contacts
grasps.

15



Figure 7: A 2D force{closure problem and its equivalent form{closure problem

To our knowledge, the only method so far presented that investigates exactly the
force{closure property of 3{D, n-contacts grasps, was proposed by Nakamura et al. [1989].
Their method can easily be extended to defective end-e�ectors, provided that the basis
of controllable internal forces E is used in place of the basis of the nullspace of G. The
algorithm consists of the solution of 12 nonlinear optimization problems with unilateral
constraints. Considering that in the evaluation of di�erent possible grasps the force{
closure test can be easily needed tens of times, the usefulness of a faster algorithm is
apparent.

In order to achieve such goal, let us de�ne an auxiliary constraint on the minimum
value fi;min > 0 of normal forces as

�i;m(pi(w;y)) = fi;min � pTi ni < 0: (13)

Since the set of homogeneous solutions that satisfy friction constraints is a cone (it consists
of the cartesian product of the individual friction cones), this auxiliary constraint does
not inuence the prehensility property, and is only introduced for further convenience. In
fact it can be easily proven the following

Lemma 1 If a grasp is prehensile, then for all y such that �i;f (0;y) < 0 and for all
� > 0, there exists h such that �i;j(0; hy) < ��; 8i; j.
Note that constraints (11) and (13) on the i-th contact force can be written in the same
form

�i;j(y) = �i;j kpik+ �i;j p
T
i ni + i;j < 0; (14)
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where �i;f = �i, �i;f = �1, and i;f = 0 for friction constraints; �i;m = 0, �i;m = �1,
and i;m = fi;min for minimum force constraints. Let 
�

i;j � IRh indicate the set of grasp
variables that satisfy constraints (14) of corresponding indices with a (small, positive)
margin �,


�
i;j := fy j �i;j(w;y) < ��g:

For the i-th contact and the j-th constraint, consider the functions

Vi;j(w;y) =

(
(2 �2

i;j(w;y))
�1 y 2 
�

i;j

a �2
i;j(w;y) + b �i;j(w;y) + c y 62 
�

i;j

; (15)

and associate to the grasp a function V (w;y) de�ned as the summation of such terms:

V (w;y) =
nX
i=1

X
j=f;m

Vi;j(w;y); (16)

Lemma 2 (Necessary and su�cient condition for force{closure.) A grasp is force{closure
if and only if, for all � > 0, there exists y such that V (0;y) < �.

This follows directly from lemma 1, and accounts for the introduction of the function V .
An algorithm for checking the force{closure property can be based on the search for y
that minimize the associate function V . This can be e�ciently implemented exploiting
the simple structure of V . In fact, the gradient of V with respect to y is the summation
over i and j of the terms

@Vi;j
@y

=

8<
: ���3i;j

@ �i;j
@y

; y 2 
�
i;j

(2a �i;j + b) @ �i;j
@y

y 62 
�
i;j

; (17)

where
@ �i;j
@y

= �i;j M
T
i ~pi + �i;j M

T
i ni; (18)

and ~p = p=kpk. The hessian of V is the summation of the terms

@2Vi;j
@y2

=

8><
>:

���3i;j
@2 �i;j
@y2

+ 3��4i;j
@ �i;j
@y

@ �Ti;j
@y

y 2 
�
i;j

(2a�i;j + b) @2 �i;j
@y2

+ 2a@ �i;j
@y

@ �Ti;j
@y

y 62 
�
i;j

; (19)

where

@2 �i;j
@y2

= �i;j
MT

i

�
I � ~pi~p

T
i

�
Mi

kpik :

Imposing twice continuous di�erentiability of Vi;j(w;y) on the boundaries of 

�
i;j provides

conditions on a, b, and c.

Lemma 3 The function V (w;y) de�ned in (16) with a = 3
2�4

, b = 4
�3
, and c = 3

�2
, is

strictly convex with respect to y 2 IRh, for any w 2 IRd.
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The proof follows from observing that the discontinous terms in (14), (17), and (19) can
be regarded as the limits of sequences of functions continuously di�erentiable over IRh.
Hence, the positive de�niteness of the hessian of V is a necessary and su�cient condition
for its convexity. Being (19) the summation of matrices which can be trivially shown to
be s.p.d., it will su�ce to show that the intersection of the nullspaces of each addend is

zero. Assume that there exists a vector x 2 IRh such that, for every i; j, xT @2�i;j
@y2

x = 0,

and xT @�i;j
@y

@�T
i;j

@y
x = 0. Explicitly, for friction constraints, these relations imply

(
Mix parallel to ~pi
(�i~pi � ni)

TMix = 0
; (20)

while, for minimum constraints, we have

nTi Mix = 0: (21)

Conditions (20) and (21) together imply that Mix should be simultaneously parallel and
normal to ~pi. The only solution is Mix = 0. Since this must hold for every i, by
juxtaposing all such relationship we have the condition Ex = 0. Being the columns of
E independent (they form a basis of the subspace of homogeneous solutions), it follows
xT @2V

@y2
x > 0; 8x 6= 0. 2

Based on the de�nitions and lemmata above, we are now in a position to state the
technique for checking the force{closure property. This is based on the study of the
equilibria of an ordinary di�erential equation which is associated with the grasp and is
de�ned as

_y(t) = �� @2V

@y2

�1�����
0;y

@V

@y

�����
0;y

; (22)

with � > 0.

Theorem 1 A necessary condition for the prehensility of a grasp is that the dynamics
of the associate system (22) diverge. If inft V (0;y(t)) = 0 along the trajectories of the
associate system, the condition is also su�cient.

Proof: Since V has been shown to be strictly convex, the dynamics (22) either have an
unique equilibrium point ŷ, or diverge. In the �rst case (which, according to lemma 2,
corresponds to a lack of prehensility), ŷ is globally asymptotically attractive for (22). In
fact, introducing e(t) = y(t) � ŷ, the p.d. Lyapunov candidate V (0; e) obtained from
(16), i.e.

_V =
@V

@e

T

_e = �� @V

@y

T
�����
0;y

@2V

@y2

�1�����
0;y

@V

@y

�����
0;y

(23)

is clearly negative de�nite. On the other hand, if (22) diverges, then _V (y(t)) < 0 im-
plies limt!1 V (0;y(t)) = l � 0. The case l > 0 corresponds to some (say m � 1)
constraints �i;j(0;y(t)) converging to a constant value, while the remaining 2n � m di-
verge to �1 (no �i;j(0;y(t)) can diverge to +1 because _V (0;y(t)) < 0). Note that only
friction constraints are among those converging, because, should any minimum constraint
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�i;m(0;y(t)) converge, the corresponding friction constraint �i;f (0;y(t)) would diverge to
+1. Hence for m of the friction constraints it holds

lim
kyk!1

�i;f (0;y) = lim
k!1

�i;f (0; k~y) = lim
k!1

k
�
�ikMi~yk � nTi Mi~y

�
= 0

implying �ikMi~yk = nTi Mi~y, i.e., the m friction constraints are marginal, �i;f(0;y(t)) �
0. Therefore, according to (15), limt!1 V (0;y(t)) = l = mc = 3m

�2
. This case corresponds

to the very particular case that both the contact forces generated by the external load
and the internal forces lie on the boundaries of the friction cones. As soon as the external
wrench is slightly modi�ed, some friction constraints become violated, whatever internal
force is applied. Therefore such grasps are not force{closure.
If inft V (0;y(t)) = l = 0, the grasp is prehensile by lemma 2. 2

Algorithm 2 (Force{Closure Test) Set up the associate dynamic system (22) as a dif-
ference equation, and integrate it numerically starting from arbitrary initial conditions.
At the k-th step, check whether yk satis�es all friction constraints: if so, conclude for
prehensility and stop the algorithm. Force{closure is checked using Corollary 1. If oth-
erwise yk converges to an equilibrium ŷ (then necessarily �i;f > 0 for some i), exclude
prehensility. The (unlikely) case of convergence to a �nite value l > 0 leads the algorithm

to a stall ( @V
@y

���
0;yk

' 0 for large k), and is easily recognized (V (0;yi) � 3
�2

for large i).

Remark I The dynamics of system (22) can be made arbitrarily fast by increasing �.
However, in its di�erence equation realization, the global asymptotic convergence of the
algorithm can be proven only for values of � smaller than a limit value. Such limitations
on � only pose minor problems in practical applications of the algorithm.

4 Quantitative test

Closure tests discussed so far in this paper only provided a qualitative (true/false) answer.
However, several researchers have pointed out that associating a quality index to a grasp is
desirable if a choice is to be made among di�erent grasping con�gurations (optimal grasp
planning). Quantitative closure tests have been proposed for form{closure (Kirkpatrick
et al. [1989]; Markensco� and Papadimitriou [1989]; Trinkle [1992]) and for force{closure
(Ferrari and Canny [1992]). As noted already, the latter method is based on the reduction
of force{closure to an equivalent form{closure problem, and is close in spirit to the former
group. A quantitative exact force{closure test, albeit not explicitly stated as such, can be
derived from the work of Nakamura et al. [1989]. A force{closure quality index can also
be obtained from the approach presented in section 3 of this paper, by simply including an
upper bound of the contact forces that can be exerted by the end-e�ector on the object.
The physical motivation for considering such bound is manifold, and includes possible
limitations on actuator torques or power expenditure, fragility of the object, and the fact
that hard squeezing may make gripping less stable (as it happens with a soap bar, for
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Figure 8: A three{�ngered hand grasping a triangular cylinder.

instance). Mathematically, this bound can be written in terms of the maximum intensity
of the i-th contact force, fi;max > 0, as

kpik � fi;max;

and hence be cast in the form (14) by setting �i;M = 1, �i;M = 0, and i;M = �fi;max. To
this constraints, s.p.d. functions Vi;M(w;y) can be associated as in (16), and a new global
function �V(w;y) is de�ned by extending the summation in (16) to index M . This new
�V (w;y) is still strictly convex, but it is now radially unbounded. Hence, any trajectory
of the dynamic system

_y(t) = �� @2 �V

@y2

�1������
0;y

@ �V

@y

�����
0;y

; (24)

will converge (with a second{order rate) to a unique, globally attractive equilibrium point
�y. The inverse of �V (w; �y) is therefore a well-de�ned, exact force{closure quality index that
reects the \distance" of the grasp from violating contact constraints. Its evaluation im-
plies numerical simulation of the dynamics (24), that is only slightly more time{consuming
than running the qualitative force{closure test of algorithm 2.

Example 6. Consider the grasp of the object depicted in �g.8 (a cylinder with
equilateral triangular cross section), by means of a three{�ngered star{shaped gripper.
The �ngers are placed at the vertices of an equilateral triangle, rotated of an angle �
with respect to the object. This type of grippers, often used in industry, usually have
one degree{of{freedom only, and the �ngers are constrained to move along straight lines
departing form the gripper centre. The range of � giving force{closure grasps is investi-
gated, and the optimal � is sought. Assuming unitary length for the sides of the object
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cross-section, contact points are placed in

c1 =

2
64
�a sin(�)
a cos(�)

0

3
75 ; c2 =

2
64
�a cos(30 + �)
�a sin(30 + �)

0

3
75 ; c3 =

2
64

a cos(30� �)
�a sin(30� �)

0

3
75 ;

where a = 1
2
p
3 sin(30+�)

. Contact normals are n1 = [
p
3=2 � 1=2 0]T ; n2 = [0 1 0]T ; n3 =

[�p3=2 � 1=2 0]T . The Jacobian of this type of gripper is

J =

2
6666666666666664

sin(�)
� cos(�)

0
cos(30 + �)
sin(30 + �)

0
� cos(30� �)
sin(30� �)

0

3
7777777777777775

:

Although the nullspace of the grasp matrix is three-dimensional, the controllable internal
force subspace is only one-dimensional. In this particularly simple case, if isotropic elastic
properties are assumed for all bodies in contact, it results E(�) = J(�). We assume a
coe�cient of friction �i =

p
2=2; i = 1; : : : ; 3 (corresponding to friction cones with 45 deg.

half{angle), and choose fmin = 0:1, fmax = 100, � = 10�5. By applying the quantitative
test algorithm of section 4 to a set of grasp con�gurations with 0 deg.< � <120 deg. in
steps of 1 deg., the plots of the quality index �V �1 vs. � reported in �g.9 are obtained. The
equilibrium point ŷ reached by the dynamics associated with each grasp con�guration are
chosen as initial conditions for the next con�guration, so that convergence is very rapid.
In �g.9{a steep variations of the cost function in � = 15deg. and � = 105deg. can be
noted, corresponding to a distinction between unstable grasps (0 deg.< � <15 deg. and
105 deg.< � <120 deg.) and force{closure grasps (15 deg.< � <105 deg.). Also, from the
zoom of the central part of the plot reported in �g.9{b, it appears that an optimal grasp
is obtained for � = 60deg., i.e. for �ngers placed in the middle of the object faces.

5 Conclusions

This paper reports on a systematic investigation on the closure properties of grasping.
De�nitions of form{closure and force{closure properties are chosen, among several existing
in the literature, as those that appear to overlap least and to provide best insight. The
concept of partial closure has been studied in more depth than it had been previously,
and an algorithm for describing the geometry of partial form{closure grasps has been
presented. Probably, however, the main contribution of this paper consists of the e�cient
algorithm for testing force{closure, that exploits the analogy with the behaviour of a
purposefully designed dynamic system.

Results reported in this paper leave a number of open problems in the analysis and
synthesis of closure grasps. In particular, as already noted, these results are only valid
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Figure 9: Force{closure quality index plotted vs. gripper angle for the example of �g.8

to the �rst{order, and the e�ects of rolling of �nite{curvature �ngers on the object are
not taken into account. The role played by higher{order properties of the surfaces in
contact has been studied by Montana [1992] and applied to closure analysis by Rimon and
Burdick [1993]. Results presented so far are rather complex from a computational point
of view, and further analysis is needed to provide algorithms suitable for implementation
in a manipulation planning system. Due to the comparative simplicity of �rst{order
analysis, and to the fact that it provides conservative answers to closure tests (�rst{order
closure implies closure), the role of �rst{order tests is probably to hold a central place
in grasp planning. Another direction left unexplored by this paper is how information
about the mobility of the object under partial closure grasps can be exploited for planning
dexterous manipulations. Finally, an open question lies behind the usage of the sti�ness
matrix K made in the algorithm for calculating the subspace (10) of controllable internal
forces. Although methods for computing K have been provided by Cutkosky and Kao
[1989], sti�ness data are not usually known. Suitable identi�cation techniques should
be developed for estimating such data if sensors are available to measure forces at the
�ngers. Fortunately, experimental results seem to indicate that the geometry of the space
of contact forces is not too sensitive to errors in K, but a quantitative robustness analysis
on this point is lacking.
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